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BBenenue

Kospl BO3HHUKIM B T/IyOOKOil JIPeBHOCTH (PAKTUIECKH C IMOSBICHIEM CHCTEMBI 3HAKOB JIJIsI
3allCH 3BYKOB, CJIOB, HH(MOPMAINH, KOTOPBIE MO3/IHEee PA3BUINCH B PA3TUUHbIE S3BIKH.
Kaxkaplii sI3bIK IIpeicTaBaseT coboil CI0KHYIO CHCTeMY KOIMPOBAHHUS, BKIIOYAs B CBOIO
KOHCTPYKIUIO ajihaBUT, CJIOBa, rpaAMMATHUKY. ZI3bIK ITO3BOJISIET B OKPYZKAIOIIEM IIIyMe Ie-
peaaBaTh WHGOPMAIUIO IO BO3MOYKHOCTH OBICTPO, HAAEYKHO, C JOCTATOYHO BBICOKOI CTe-
MEeHbIO0 N30BITOYHOCTH.

[TozaHee mogBUIHCH (eI 70 Halleil 3pbl) KPUITOTPAMMBI (IO-TPEYECKU KPUIITOTPAM-
Ma — TailHonuCh). TaKUMU KOJAMU MOJIB30BATUCH JIJIs 3aCeKPEUNBAHUS COOOIIECHN. YKe
B V B. JI0 H. 3. 3HAMEHUTHIN rpedeckuii ucTopuk ['€pogoT NPUBOAUI TPUMEPHI ITHCEM-
KPHUIITOIPAMM, TIOHSITHBIX TOJILKO OJHOMY ajipecary. CriapTaHiibl Me/n CHeruabHbIH Me-
XaHUIECKUiT MpuOOp, PN MOMOIIH KOTOPOTO 3AMUCHIBAINCH COODIIEHUsI - KPUTITOTPAMMBI,
MO3BOJILIONTNE COXPAHUTH TaitHy. CobcTBeHHYIO ceKpeTHYIO a30yky mmes FOmmit [lesapp
(mupoko uszsectupiii mudp Iesaps). B Cpennue Beka u smoxy Bospoxaenns ua u3o0-
perenueM TaiHbIX MHMPOB pabOTAJU MHOTHE BbIIAIONIMECS YMbI, B TOM ducJje huaocod
Opancuc bakon, maremaruku @pancya Buer, /Tzxkeposamo Kapaano. Kpunrorpadueit 3a-
HUMaJIUCh B MOHACTBHIPSIX, TIPU JIBOPax KopoJieil. Bmecte ¢ nckyccrBoM mudpoBaHust cO00-
MEeHnil pa3BUBAIOCHh U UCKYCCTBO UX AemudpoBanusd. MHOrne ONTUMHCTIIHO MOJIAran,
YTO BPSJL JTU CYIIECTBYeT TaKas KPUNTOIPaMMa, KOTOPYIO HeJb3s pa3ralaThb. 1 ToJIbKO B
nporiom Beke Koz [Mennon (1949 r.) mokasas, 410 JeHCTBUTENBHO CYIIECTBYET COBEP-
meHHO cekpeTHblil mudp — mudp Beprnama, HazbiBaeMblil TaKzKe JIEHTOW OJHOKPATHOIO
JieiicTBusT Wi mMudpomM-0I0KHOTOM.

B nacrostiiee BpemMst Teopusi KOJUPOBAHUS UMEET BaXKHOE TITUPOKOE MTPAKTUIECKOE TTPU-
MEeHeHHe KaK CpeJ/ICTBO SKOHOMHOI, yI00HOI, OBICTPOil, a TaKKe HaJ eXKHOil Iepegadn co-
obImeHnii Mo JUHUAM CBS3U C PA3JUYHOrO BHja mrymMamu (TenedoH, Tesnerpad, pajuo,
TeJIeBH/ICHIE, KOMIIBIOTEPHAsI, KOCMUYeCKast CBsI3U U T. J1.). [10/UIMHHBIA B3PbIB pa3BUTHs
TEOPUH CBSA3M HAYAJICH B MOCJIeBOeHHbIe rofbl, ¢ 1948-1949 rr., ¢ mogBienneM Kjaccude-
ckux pabor Kioma Illennona n Hopbepra Bunepa. Tpyast H. Bunepa Obiiu nopoxie-
HBI UCCJIeIOBAHUSMI BOEHHOT'O BPEMEHU 110 aBTOMATHIECKOMY YIIPABJIEHUIO OTHEM, TPY/IbI
K. Illennona 3mamenntsie "Maremarudeckas Teopus cBs3u" u "CBga3b IpH HAJTHIHH
myma" — mccaenoBaHuAMI M0 MHMPOBAHUIO COODIEHNH W UX TepeIadn M0 CeKPeTHBIM
kana/jiam cBsa3u. Maremarudyeckue mojesin H. Bunepa n K. Illennona j10BOJIBHO CHJIBHO
pasmyasck: curaali mo H. Bunepy moxkeTr obpabarbiBaThCst 10C/ 1€ BO3/IEHCTBHS TITyMOM,
o K. [llernony curaas MoxKHO 00pabaThIBATh KaK /10, TAK W IOCJE Mepeadn M0 KaHaTy
CBA3U ¢ TIIyMaMud. B cuiy 3Toro u aApyrux pasanunii, BunepoBckue Tpy/Ibl JI€TJIH B OCHOBY
TEOPUHN aBTOMATUYECKOTO ympapienusd, [[leHHOHOBCKUE TPyl OKA3AJIMCh OCHOBOIIOJIA-
rafomumMu Jijid 3a/a4 3P@GeKTUBHOrO UCHO/Ib30BaHus KaHaI0B cBa3u. Takum obpasoMm, ¢
1949 r., ¢ dyngamentanabubix padbor K. Illennona, nadajgoch OypHOe pa3sBUTHE TEOPUU



KOJIMPOBAaHWS KaK OTJAEJhHON HAayJIHO! ANCHWILINHBI, a TaKyKe Pa3BUTHE TAKUX TECHO C
HEIO CBA3aHHBIX HAyYHBIX JTUCIUILIAH, KaK C:KaTue WH(MOPMAIUA U KPUIITOJIOTUSI.

B macrosimem Kypce JeKnuii paccMaTpuBaioTCa OJIOKOBBIE KOJbI, TpeIHA3HAYUECHHbIE
JIJIsI MCLIPABJIEHUS CJIydaiiHbIX OIMMOOK B KaHaJ/iaX CBdA3M C IIyMaMHu, B OCHOBHOM Oyjer
U3ydarbCs MOJE/b JBOMYHOIO CUMMETPUIHOTO KaHAaJa CBsI3U, XOTSI MHOTHE Pe3yJbTaTbl
0e3 Tpy/a MOryT OBITH ODOOIIEHBI JJIsi KOJOB HAJ ¢-3HAYHBIMH ajadaBuraMu. Mbl TOIH-
KO KOCHEMCsI OIIpejesieHuil HEeKOTOPBIX JPYyruX THIOB omuboK. B Kypce jekmuii Oyer
U3/I02KeHAa TeOpHUsl JUHEHHBIX KOJIOB, B YACTHOCTU TEOPHUs ¢-3HAYHBIX NMUKJIUIECKUX KO-
JIOB, UMEIOIIUX IIHPOKOE IIPUMEHEHNe Ha LPAKTUKe JJId lepejgadn coobIeHnit B KaHaiax
CBsI3U C IIIyMaMu, joKa3aHa u3BecTHasi Teopema [IleHHOHA O CyIIeCTBOBaAaHUHM XOPOIINUX
KOJIOB B JIBOMYHBIX CUMMETPHYHBIX KaHAJIAX CBA3H C IIyMaMH, MMPeII0KeHbl Pa3InIHbIe
MeTO/IbI TOCTPOEHUST KOJOB (Cpe/i HUX — CBUTYMHIOBBIE U KACKA/THbIE METOJIbI), & TaAKZXKe
pPacCMOTpEeHbl M3BECTHBIE KJIACCH KOJOB, TAKHX KakK Koabpl Puma — MaJsutepa, Amamapa,
coBepIeHHbIe KOabl, Koabpl Puga — Comomona, koabl FOcrecena, Ilpemapatsr. I1pu momaro-
TOBKE 110c0o0HsI ObLIIM MCIOIb30BaHbl HCTOYHUKH [1-25].



OcHOBHBIC ITOHATUSA U ornpeaeJsieHud

[Iycte E™ obo3navaer n-MepHOE METPpHUYECKOe IIPOCTPAHCTBO BCEX JBOUYHLIX BEKTOPOB
JUITHHBL 1. ¢ MeTpUKON XsMMuHra (CM. HHXKE MPUMEpBI JBYMEpPHBIX mpoeknuii K™ mpu
MaJbIX N Ha pUC. 1 U OGMIENPUHATYIO MOJenb E™ jjis Mpou3BOJIBHOIO N Ha puc. 2).
[IpousBosibHOE ToaMHOXKecTBO C ipocTpancTBa E™ HasbiBaeTcst d60UYHbLM KOOOM JIJTHHBI
N, SJEMEHTHI K013 HA3BIBAIOTCA K0J0GOLMU CAOCAMU.

Puc. 1. JIsymepnsie npoexmmn 3 u B4

Xommunzoso paccmosanue d(z,y) MexkIy BeKTOpaMu x,y € E™ ompeensercs Kak
YUCJIO KOOPJUHAT, B KOTOPBIX 3TU BEKTOPbI paz/jindaiorcs. HerpyJaHo nokasarb, 4T0 OHO
siBJisieTcst MeTpukoit. Kodosoe paccmosnue paBHO MUHIMATBHOMY PACCTOSTHUIO XIMMUHTA,
MeZKJTy Pa3JUIHBIMHA KOJIOBBIMU CJIOBAMU.

Bec Xommurea w(z) NpOU3BOIBHOIO BEKTOpa & € E™ paBeH YHCIY HEHYJIEBBIX KOOD-
quHat , T. e. w(z) = d(x,0"), tae 0" — HyaeBoit BekTOp MMHHBL n. OGO3HAUNM Uepes
1" exmHUYHbIA BEKTOD JUTMHBI N (MHOTJA jlajiee JUIMHBI HYJEBOTO U eJMHUIHOIO BEKTO-
POB yKa3bIBaThCsT He Oy/yT, HO N3 KOHTEKCTA BCSIKUiT pa3 Oy/ier siCHO, KAKOBA WX JIJIHHA).
MHoxKecTBO

supp(z) ={i | z; =1}

Ha3bIBACTCA HOCUMENEM BEKTOPa T.

UsBectHo, uro rpymnma asromopdusmos Aut(FE™) npocrpancrsa E™ ucuepnbiBaercs
IIOJICTAHOBKAMHU T HA MHOYKECTBE KOOPJMHAT ¥ J00aBJI€EHHEM IIPOU3BOJILHOIO BEKTOPa U €
E™ 7. e. anst rpynmst aBromopduzmos Aut(E™) npoctpancTsa E” crpaBeinBo

Aut(E™) = E" X S, = {(v,7) | v+ 1(E") = E",v € E", 7 € Sy},

e N — HOJIYIIPSAMOE MPOU3BeIeHue, S, — CUMMeTPpHIECKas I'PYIa MOACTAHOBOK JIJIMHBI
.



Puc. 2. Ipymepnas npoekmus E"

Hpa xoga — C'u D — JIMHDBI N HA3BIBAIOTCA 9KGUGAACHIMHbLMU, €CJII CYIIECTBYET aBTOMOP-
dbuszm (v, 7) npocrpancrea E™, orobpazKaroniuii ouH Ko B Apyroii, T. e. v + w(C) = D.

I'pynna asmomopgpusmos Aut(C') nmpoussoabHOoro Koga C' JITHHBL 1 COCTOUT U3 BCEX
aBTOMOPGU3MOB MIpocTpaHcTBa K", 1epeBojsIux Ko B cebsi, T. e.

Aut(C) = {(v,7) | v+ 7(C) = CY.

MmuozkecTBO

Sym(C) ={mr € S, | n(C)=C}

Ha3bIBaeTCst 2pynnoti cummempuii koga C. Ouesuano, uro Sym(C') uzomopdua moarpymie
rpynubl Aut(C).

JTunetinowm (uau epynnosvim) kodom Ha3bIBAETCS OIMHOXKECTBO £, siBjIstioneecst Jiu-
He{HBIM IO IIPOCTPAHCTBOM (MOArpYHNoil) B E”. AHATOTUIHO, AUHETHbLM (—3HAUHBLM KO-
dom HA3BIBAETCA TUHEHHOE TIOANPOCTPAHCTBO N-MEPHOTO METPUYECKOTO TPOCTpancTBa Fy
BCEX BEKTOPOB JUTMHBI 1 ¢ MeTpuKoil XaMmunra ua noaeM Lanya GF(q), ¢ = pF,q > 2,
rJe P-IpocToe Yucio (B E;L MOI'yT CYIIECTBOBATH JPyrue I'PYIIIOBbIE KOJIbl, HE 00pa3yio-
IHe JINHEITHOTO MOIPOCTPAHCTBA).

B nanpreiimmem mapamerpsl JuHeiiHoro Koma C' JJIMHBI 1 ¢ KOJOBBIM PACCTOSHHEM d
Oysem obo3HauaTh yepes [n, k,d|, tae k — pasmMepHOCTh KOJa; Jiist HequHediHoro koga C
napaMerpsl Oyjgem obosnauarh uepes (n, |C|, d).

JInHeHbIil KO/ JVIMHBI 12 HA3bIBAETCH UYUKAUYECKUM, €CJIU JIJIs JTI000T0 KOJOBOTO CJIOBA
(21,22, ..., Tp) CHAOBO (Ta, ..., Tp,T1) TAKIKE SBIAETCA KOJOBBIM.

,ZL.HH IOJTHOTHI U3JIOZKEHUSA B ﬂaﬂbHeI‘/JH_HeM HEKOTOpPbIE€ U3 NIPpUBEACHHBIX OHpeﬂeﬂeHI/Iﬁ
Oy/lyT MOBTOPEHHI.

VYupaxkueuaune 1. /loka3zarb, 4T0o paccrosgHue XSMMUHTA sBAsSeTCAd MeTpUKOi, a K"
— METPHYECKUM MPOCTPAHCTBOM:

a) d(xz,y) > 0, mpuuem d(z,y) = 0 < & =y (aKCHOMa TOXKJECTBA);

6) d(z,y) = d(y,x) (akcuoma cummerpun);

B) d(z,y) + d(y, z) > d(x, z) (akcuoma TpeyroabHuKa) s Vo, y, z € E".

Yupaxuenue 2. Haiitn uncio sepmmn n pebep B E™, L.



VYupaxkuenune 3. Haiitu yncjio Beprimn:
a) B cdepe pamuyca r B E", B
6) B mape paanyca r B E", Ep.

JIBOMYHBIN CUMMETPUYHbIlI KaHAJI CBA3U

[IycTh 10 KaHaIy CBSI3HM C IIYMOM IIE€pPECHIIAIOTCA JIBOMYHBIE coobmmenus n3 HoBocubup-
cka B MockBy. PaceMmorpum ciydaii, Korga BXoaHOM andaBuT A COBIAIAET ¢ BHIXOTHBIM
andasurom B u pasen {0, 1}. Tycrs npu noceiike 0 npunnmaercs xkak 0, a 1 kak 1, Ho
unoryia 0 moxker ObITh puHdaT Kak 1 wiu 1 npungra kak 0. [lycts B cpegnem oaun u3
KazkapiX 1000 cuMBOJIOB OyIeT OHNIMOOYHBIM. DTO O3HAYAET, UTO JIjI KazKJIOr0 CHMBOJIA
nmeercss BepogarHocTh p = 1/1000 Toro, 4ro B KaHase CBS3W MPOM30IigeT OmmdKa, T. €.

JIIS TIepeXoAHbIX (ycnoBHbIX) BepoaTHocTeil P(B|a), rae Y .4 P(Bla) = 1, umeem

P(0|0) = P(1|11) =1—p u P(1]0) = P(0|1) = p.
B janHOM ciydae mepexo/Hble BEPOSTHOCTH 00Pa3yT CHMMETPUUIHYIO MATPHUILy U I1OCe-
MYy TaKasi MOJEJIb Ha3bIBAETCS IABOUYHBIM CUMMEMPUUHOIM KAHAAOM C6A3U. COODIIeHUS
JTOJTIZKHBI TIepeIaBaThCs KaK MOYKHO OBICTpee, SKOHOMHee U HaJeKHee. ByieM 3ammnceiBaTh
COODIIEeHNST B BUJIE MTOCJEI0BATEIbHOCTEH U3 HyJIel W eIUHUIl. 3aKOIUpyeM STH coobIe-

HUS B IEJISIX 3aIIUTHI UX OT OMMHIOOK, KOTOpPbIe MOT'YT HIPOU30UTH B KaHaJe CBA3H. BxoaHas
undopmanyst pasbuBaercs Ha 0ji0ku jyuHbl k. Kakapiit 6JI0K 13 k CHMBOJIOB COOOIIEHUSI

u = (ul,u2, ey uk), U; € {O, 1}
npeobpasyercss KoJIepoM B CJIOBO T JJIUHBL 1 :
r = (21,22, ...,%yn), x; € {0,1},n > k.

[Tomydennbie coBa 06pa3yoT deouytbil K00 I HAZBIBAIOTCA K0d08bMU cA08aMu. Cxema-
TUYHO 9TO TPEJICTABJIEHO HA PUC. 3.

NcTounmk K Mosya
aHaJ -
COO6]_I_[6— Komep g Hexomep e
HUN
[MTym

Puc. 3. Kiaccuteckast cxeMa CHCTEMBI CBSI3W TI0 KAHATY CBSA3M C IITYMOM

Tak Kak KaHaj ¢ MyMOM, TO TPUHATHINA BEKTOP Y MOYKET OTJIHIATHCA OT KOJOBOTO CJIOBA
2 Ha BEKTOD €, HA3bIBAEMBIH BEKTOPOM OmHMOOK §y = & + e, € = (eg, €y, ..., €,), Tae
¢ BepositHOCTHIO (1 — p) mmeem e; = 0 (B 9TOM ciydae i-if CHMBOJI TPABUJIbHBIN) W €
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BEPOSITHOCTHIO P nMeeM €; = 1 (i-if cumBos nckasuics). B obimem ciydae BepOSTHOCTH P
MOZKeT OBITH MTPOU3BOJIBHBIM YHCIOM, YIOBIETBOPSIONMM HepaBeHcTBY 0 < p < 1/2.

OmnwuieM HEKOTOPBIE JPYTHe, OTJMYHbIE OT CHMMETPHYHBIX THUITHI OMIMOOK. Ecau st
HEepPEeXOIHBIX BEPOATHOCTEH NMEIOTCs 3alPEThl, TO KAHAJ CBA3H MOIYYAETCs ¢ OMHOCTOPOH-
HUME OmMOKamMu, ecu B ajadaBur (BXOAHONW n (MJM) BBIXOAHOI) BKJIIOYEH IyCTOH CHM-
BOJI, TO MOJIyvaeM KaHaJl CBA3M CO BCTaBKAMU WJIM BbIaJdeHusMu. PaceMoTpum noapobnee
HECKOJIBKO CJIyJaeB.

1. Hecummerpuunas onmmbka tuna {1 — 0} (ee Ha3biBalOT Takzke 3aMEIIEHHEM BUJIA
1 — 0) MOXKeT BO3HUKHYTH B CHTYAIlMH, KOTJa HPOUCXOAMT 3aMeHa 1 Ha 0, HO He Ha-
obopor. Ecyim mammuuio pusmdeckoro curnaja coorserctsyer 1, a orcyrcrsuio — 0, TO
TaKue ONIOKN MPOUCXOJAT B pe3ysbraTe pa3MblKaHuil (0OPHIBOB) B KaHA/e, TaK KaK MPU
Pa3MBIKAHUY CUTHAJ MOZKET JIUIIb UCUe3HY Th.

2. Hecummerpuunas ommbka tuma {0 — 1} (3amemenne Buga 0 — 1) anamorndna
IPE/IBLIYINEil 1 IIPOMCXOUT B Pe3yIbTaTe 3aMBIKAHUN B KaHAe.

3. Ommbka crupanus {0 — z,1 — 2z} Bo3HMKaeT B Caydae, €CJM CUTHAJ, TIPEICTAB-
Jsomuii coboit 0 wiam 1, nckazkaercs B KaHaje TaK, 9YTO €ro HeJb3sd HHTEPIPETUPOBATH
1 Kak 0, HM Kak 1. DTOT CHMBOJI 3aMeHSETCS HEeOIpe e IeHHBIM CHUMBOJIOM, KOTOPBIil
obo3HAYAETCS Yepes Z.

4. Omnbka Buga 0 — A (1 — A) COCTOMT B yjaJleHUH OJHOIO M3 CHMBOJIOB KOJIOBO-

ro CJI0Ba T, B pe3yJabTaTe 4ero JJINHA CJI0BAa yMeHbIIaeTcs Ha eIuHUIy. Takme ommOKn
HA3BIBAIOT BBITAEHUSIMA CUMBOJIOB (B BBIXOJHOI asiaBUT BKIIOYEH MyCTOH CHMBOJI).

5. Ommubka Buga A — 0 (A — 1) cocrour Bo BeraBke cumvBosia 0 (1) mepes HEKOTOPBIM
CHMBOJIOM WJIA TIOCJIE MOCTEIHEr0 CUMBOJIA CJIOBA T, B UTOTE JJTUHA KOJOBOTO CJIOBA yBe-
muauTes Ha equnuily. OIMHOYHbIE OMUOKYE TAKOTO TUIA HA3BIBAIOT BCTABKAME CHMBOJIOB.

CymiecTBYIOT TakyKe JApPyTHe BHJBI OMIUOOK.



I'maBa 1

JImHeitHbIEe KOIbI

1.1 JluneiiHbIe KOJbI

HamomuuM, 9T0 Aunednbm (Uit 2pynnosoim) 080uHbM KOJOM HAZBIBAETCS TTOMHOKe-
crBO B, sBIstroNeecs JIMHEHHBIM MOAIPOCTPAHCTBOM (oarpynmnoii) B £™. [Tpou3BoIbHBII
JTMHERHBI KO, ¢ mTapamerpamu [n, k, d| MOXKHO 3a7]aTh PA3THIHBIME CIOCODAMHU:

AHAJTUTUYIECKHU, C TOMOIIBIO OJHOI (DOPMY./TBI (TaKoﬁ CII0Cco0 33 IaHUA JTUHEHHOTO KOIA
He BCerjia MOYKeT HAfTHCh);

IIOCPEJICTBOM k000601 mampuyv, nopsaka 2F X n (cTpOKAMHU MATPHIIBI SIBJSIIOTCS KO-
JIOBBIE CJIOBA);

nopootcdarouwiets mampuyo, Topsiaka k X n (B CTPOKHM 3ammcaHbl KOJOBbBIE CJI0Ba, 06pa-
sytomiue 6a3y JHHEHHOTO KOJIA);

nposepouHOT. Mampuys, — MaTpuIlbl H  Takoii, dYTO JJs JTIOOOr0 KOJOBOI'O CJIOBA

x = (21,22, ..., Ty) U TOJBKO JIJISI HETO BBITIOJIHSETCSI
I
%)
H = HzT =07 F,
Iy

3neck H — marpuna nopsiika (n — k) x n. Iocieanee ypasaenue 3a1aer (n— k) npoBepod-
HbIX ypaBHeHuil. O4YeBHIHO, YTO TaKOe HpeACTaBICHHe JUHEHHOr0 KOJa TaKKe AB/ISCTCH
AHAJTUTHYCCKIM.

CreryeT OTMETHTh, 9TO JJIs JAHHOTO JMHEITHOrO KOJa MpeICTaBIeHIe TOPOZK Jatomei
(mpoBepOYHOIT) MaTpuIeii He eINHCTBEHHO.

Onumem moapoOHee 3aJaHue JTUHEHHOrO KOJa IIOCPeJICTBOM IPOBEPOYHON MATPHIID,
uMeonel KAaHOHIIecKnil Bu. I1ycTh oT oTIpaBuTens B KOAEp MOCTYIIIIO COOOIIEHHE U =
(ug,ug, ..., ug). Chopmupyem KomoBoe cioBo r = (x1,Za, ..., T,). [ToJT0KUM TEPBYIO
4aCTh KOJIOBOIO CJIOBA COCTOSANIEH U3 CMMBOJIOB CAMOIO COOOIIeHus! (HA3bIBAEMbBIX UHPHOD-
MAYUOHHBLMU CUMBOAAGMUY):  T1 = Uy, Ty = Ug, ..., Tp = uUg. damee caenytor n — k
CHMBOJIOB, HA3BIBACMBIX NPOGEPOUHBLMU Tkt 1, - - -, Tpn. OHI BLIOHPAIOTCA TAKHM 00Pa30M,
4TOOBI BCE KOJOBLIE CJIOBA YIOBICTBOPAIN YPABHEHUIO

HaT = o™ F,

11
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[Tycre marpuna H umeer Bug [A,_j x| En—k|, Ha3bBaCMBIT Kanonuveckum, rae A,y —
HeKOTOpast MaTpurna nopsaaka (n — k) X kw3 0 u 1, E,_; — eIMHAYHAS MATPUIIA TTOPSIKA
n — k. Bee onepanuu Beinosnsiorest Haj nojeM Lanya GF(2) xapakrepuctuku 2.

Teopema 1 O cB#3u mpoBEepPOUYHOIl M mopoxkaaroiieii marpun. Fcau npose-
POUHAA MAMPUYA AuHelno20 Koda 3adana 6 kanonuveckom sude H = [A,_k k| En_k], mo
Hati0emes noporcoaOuLas Mampuya 9mozo koda, umetousas eud G = [Ey| —AZ_M]. Bepto
obpammoe.

dokazareabcTBo. PaccMoTpuM Mpon3BObLHOE KOTOBOE CJIOBO

Tr = ([L’l, v 3 Ly Lt 1y - v vy l‘n),
[Tockosbky BuJ npoBepounoit marpuisl H = [A,_j x| En_k] n Ha" = 0, To cumBoJIbl
k41, « -+, Tn MOTYT OBITH B3STHI B KQU€CTBE MPOBEPOUYHBIX, & X1, . .., T — HHHOPMAIHOH-

veIX. T. e. nHpOpMAITMOHHBINA OJI0K IMeeT BH]L
u= (U, ..., Ug), DA€ T = Uy, Ty = Usg, ..., Tp = U,

YTO MO2KHO 3alluCaThb B MaTPUYIHOM BU/IE

T1 Uy
= E, (1.1)
Lk U
[Iyctn

a1 a12 e A1k
21 a92 e a9

A= F

Up—k1 OGp—k2 .- Qp—kk

Torma U3 ompeeeHns IpoBepouHoil Marpuusl nMmeeM Hazl = 0, 1. e.
;171 + Qo + ...+ Ty + Ty = 0
Jst oboro ¢ =1,...,n — k. Orcrona
Lhti = —(ailxl + ;279 + ...+ aika), 1= 1, o, — k.
Takum obpaszowm,

Tr41 4o Uy
=—A ik : = —An ki

Tn Tk U

113 mocsiennero u u3 ypasaenus (1.1) mveem

E

T k T
T = u .
( —An_kk )

Tpaucnouupys, nonyuaem: © = uG, vne G = [Eg| — Ag_k’k]. A

BameTnm, 9TO TEOpEMa BepHA JJIsI ¢-3HAYHBIX KOJOB.
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Yupaxkuenne 4. Haiitu uncjio paznnanbix 6a3nucos B .

Yupaxkuenue 5. Haiitn uncmo pa3iuvHbIX JTHHEAHBIX JIBOUYHBIX KOJOB JIJIMHBI N
pasmepnocTu k.

VYupaxkueuaune 6. [loka3aTb, 94T0 B IBOMYHOM JIMHEHHOM KoOJe JH0O0 KarK/Iblil KOI0-
BBLIIl BEKTOp UMeeT YeTHBII Bec, OO0 IMOJIOBHHA KOJOBBIX BEKTOPOB HUMEET YeTHBIE Beca U
IIOJIOBUHA — HEYETHHIE.

VYupaxkaenue 7. /lokazarh, 9YTO HEHyJIeBOil cToj0el KOIOBOI MATPHIIHI JIMHEMH-
roro [n, k]-koma comepxut posro 2871 emumHum,

Vnpaskaenne 8. Jlokazars, uTO JId JI060r0 JuHeiiHOro Koja cupasemmso HGT =
0 115t JTI00BIX TTPOBEPOUHOMN 1 TTopozK aarorieit marpui, H u G 9T0ro Koma cOOTBETCTBEHHO.

1.2 TI'paEunbsl 00beMOB KO/IOB
PaccmoTpuM HECKOJIBKO U3BECTHBIX I'PAHUI] MOITHOCTEH KOJIOB.

Teopema 2 I'panuna Xsmmuara. /las awbozo deouunozo koda C daunove n (ne
00434MeENLHO AUHETH020) € K0D06bLM Paccmosnuem d 6bNOAHACCA HEPABEHCTNEO

2'I’L

IC| < 77—
R

HokazarenbctBo. O6oznaunm t = [(d—1)/2]. TTockoabKy KOJ0BOE PACCTOSTHUE PABHO
d, To TmapsI
Si(@) ={y |y e E" dly z) <t}

paJimyca t, onucanHbie OKOJIO KOJOBBIX CJIOB X, He nepecekaiorcs. O4eBuHO, YTO BCe OHU
UMEIOT OJINHAKOBBIN 00'beM, paBHBIH

d—1
1S7 (0" =C0+ Oty ol
CiietoBaTesIbHO,

|C| x |S7(0™)] < 2. (1.2)

[Moacrasmsia |S;'(0™)| B HepasencTso (1.2), moyuaem TpeGyemoe. A

OHpe,ZI;eJIeHI/Ie. KO,IL HA3bIBACTCA COBEPULEHHOIM UJTA NAOTIMHO YNaKo6aHHHIM, €CIIN

27’L

d—1)/2] v’
E(:o )/]On

O =
T. €. IMeeT MeCTO IJIOTHAs ymakoBka E" mapamu pamuyca [(d —1)/2].
CrpaBeIuBbI CAEYIONHE YTBEPIK ICHUSI.

VYreepxkaeuune 1. Kodosoe paccmosnue [n, k,d]-suneiinozo koda pasHo mMunumManb-
HOMY U3 6ECO8 €20 HEHYAEGHIL KODOBHLL CAOS.
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Teopema 3 O crosbmax mpoBepoYHO matpurbl. Feau H — nposepounas mam-
puya xKoda daurot 1, Mo K00 umeem xodosoe paccmosrue d mozda u MoALKO Mo20a, K020a
a06ve d—1 cmoabuyos mampuyo, H aunetino nesasucumo, u Hatidymea d aunetino 3a6u-
CUMDBDLE CNOADOU086.

okazareabcTBo. HeobxommMocTh.
BeKTOp I BeCa W HNPUHAIJIECKUT KOAY TOI'Ja U TOJIBKO TOI'Ia, KOT'Ja

Hax' =0, (1.3)

YTO IKBUBAJEHTHO JTUHEHHON 3aBUCHMOCTH HEKOTOPHIX w ¢TosIOmoB Marpunbl H. Obo3Ha-
quM i-ii cTosben marpuisl H depes h;, T. e.

H =1[h, ha, ..., hy).

Orcroma u u3 pasencrsa (1.3) morydaem

i hll'l = 0,
=1

OTKY/Ia CJeIyeT COOTHOIIeHne JUHeiHoi 3aBucuMoctu h;, + ...+ h;, = 0. ITo yrBepx e-
HUIO 1 KOAOBOE PaCCTOAdHUE KOJd PAaBHO MUHHUMAJIbHOMY U3 BECOB €I'0 HEHYJIEBbIX KOJOBbIX
coB. 1o ycoBrHIO TEOpEMBI KO HIMEEeT KOIO0BOE pacCTosiHue d, OTKY/Ia MOJIydaeM JuHeii-
HYIO 3aBHCHMOCTb HEKOTOPOW COBOKYIHOCTH d CTOIOMOB MaTpuiisl H.

Ecmu cymectByer d — 1 JnuHeHO 3aBUCUMBIX CTOJIONOB B MaTpuie H, To Haiigercs
BeKTOp Beca d — 1, mpunapiexamuii Koxy C, IpOTHBOpeYHe.

JlocTaTouHOCTH OYEBU/IHA. A

Teopema 3 BepHa st ¢-3HAYHBIX KOAOB. HerocpecTBeHHBIM CJI€ICTBHEM TEOPEMbI 3
SBJISETCS CJIeIYIONIasl BePXHsis T'PaHuIa o0beMa Kojia.

Teopema 4 I'panuna Cunrarona. /s aobo2o aunelinozo [n,k,d|-koda 6vinon-
naemean —k>d—1.

Kon, nocrurarommii rpanuiy Cunriarona, sHasbiaercsa MDS-xodom. Ko, moaydeHHbrit
u3 JAHHOTO KOJA y/IaJeHueM OJHOI mim 0oJiee KOOPJAWHAT BO BCEX KOJOBBIX CJIOBAX, Ha-
3BIBAETC 8BIKOAOMbIM KOOOM.

Teopema 5 I'panuna CuHrjaTOHA AJid HEJUHENHBIX ¢-3HAYHBIX KOIOB. /[i4
ao06ozo (n, M, d)q-x0da evinoansemca log, M < n —d+ 1.

HoxkazarenbcTBo. Yiauss B (n, M, d),~koae 1106bie d — 1 KoOpAuHAT, 11Oy 4UM KO/
nmuabl 7 — d + 1 ¢ KOmOBBIM paccTogHueM 1Mo Kpaiineit mepe 1 m mommpoctu M, T. e.
M < gr(d=1), A

Teopema 6 I'panuna Ilnorkuua. IIpu n < 2d das aobozo deouunozo (n, M,d)-
koda C' cnpasediuso HepaseHcmao

ede M — mougnocmo xoda C'.
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Joka3zaTeabCcTBO. BhiaucnM AByMsI CIOCOOAMU CyMMY

S:Z Z d(u,v)

ueC veCyu#u

JUISE Pa3JIIHBIX KOJAOBbIX ¢jioB u 1 v u3 C. TlockosibKy 1ipn u # v paccrosinue d(u, v) > d,
10 cymma He Mmenbiie, uem M (M —1)d. C apyroii cropoust, mycth A 0603HaYaeT KOJIOBYIO
(M X n)-mMaTpuiLy, CTpOKaMH KOTOPOil SIBJISTFOTCS BCE KOJIOBbBIE CJIOBA. IIpe/IoI0KuM, 9To
1-it cronbery maTpuisl A comepzkur x; nymeid u M —x; enunanm. Toraa BK1a 3TOroO CTOI0IA,
B cymmy S pasen 2z;(M — x;). Cymmupys 110 Bcem cToabnam, noJydaem

i=1

[Tpu werrnoM M MakCuMyM™ 3TOrO BBIPpasKeHHsI JoCTHTAeTCs npu x; = M /2 ns mo6oro
i, cleoBaTebHO, 3Ta CyMMa He Tpesbimaer nM? /2, T. e. nvmeem

M(M —1)d <nM?/2,

OTCIO/IA
M <2d/(2d — n).

Tak kaxk M uerHo, TO

M < 2[d/(2d — n)].
[Tpu newernom M sra cymma ne npesbimaer n(M? —1)/2 u, ciegobarenbHo,
M <n/(2d —n) =2d/(2d —n) — 1.
Orcioga ¢ yaerom [2z] < 2[z] 4+ 1 moayvaem

M < [2d/(2d — )] — 1 < 2[d/(2d — n)].

Teopema 7 I'panuna BapuiamoBa—T'unbepra. FEcau 6vinoaniemces HePaseHcmeaeo
1+C +-+ 0 < 2m,

mo cyuwecmsyem 080UNHBLT AUHETHBIT KOO OAUHDL T C MUHUMAALHOLM PACCTIOAHUEM 1.0
kpatined mepe d, umerouuti ne 6oaee uem r NPoGEPOUHLIT CuMB0A06, m. e. [n,k,d'|—Kxod,
edek>n—r,d >d

HokazarenbcTtBo. Teopema Oyjer jgokazana, ecau mocrpoum (r X n)-marpuiyy H
TaKyio, 910 Jiio0bie ee d — 1 ¢To010B JinHeitHO He3aBUCUMBL. TOr/1a, TPUMEHSIST TEOPEMY
3, mosrydaem Tpedbyemoe yrBepzKaenne. B kadecTse nepBoro crosbma marpuiibl H Bo3bMeM
JII000# HeHyJieBOit BeKTOp JuHbI 7. [Ipeanonoxum, 4To BHIOpaAJIH ¢ CTOJOIOB MaTPUILHI
H Taxk, uro sirobbie d — 1 u3 HuX JauHeiiHO He3aBucuMbl. Vimeem He Gosiee

Clt. 2
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Pa3INYHBIX HEHYJIEBHIX JTUHEHHBIX KOMOWHAIMI M3 9TUX ¢ CTOJOIOB, coaeprKammx d — 2
win MeHbire crogbnos. Ecin 1o umcao menbine, dem 27 — 1 (ducia BeeX HEHYJIEBBIX
BEKTOPOB JINHBL '), TO Mbl MOYKeM J00ABUTH €Ile OIUH CTOJIOEI, He PABHbIH HHU OJHOIL
u3 BCEX ITUX JIMHEHHBbIX KOoMOmHanuit. OT HPOTUBHOIO JIEI'KO IOKA3aTh, Y9TO MPU ITOM
aobbie d — 1 ¢ronbuos HOBOI Marpunbl pasmepa r X (i + 1) mo-npexmemy oCTarOTCs
JINHEWHO He3aBUCHUMBI. ByjieM BBITIOJIHATH 9TY MPOIEAYPY JIO TeX MOP, MOKA BHITOJTHIETCS

HEPaBEHCTBO
Cl+... +C72<2" —1.

Yupaxkuerane 9. O000muTh /Ui ¢-3HAYHBIX KOJIOB I'DAHUILHL:
a) X9MMUHTa,;
6) Bapmawmosa-T'nibepra.

VYupaxkuenne 10. /lokazarh yrBepxkiaenue 1 u Teopemy 4.

1.3 Koa X3MMHIHra 1 ero CBoiicTBa

1.3.1 Omnpenesenune koga X3MMUHTA

s mocTtpoenusi JIMHEHHOTO KOJAa X3MMUHTA C 1M IPOBEPKAMH Ha, Y€THOCTb, UCIPAB-
JIIONIEro OJIHY OIIUOKY, BOCIOJIb3YyEeMCs TeOpeMoii 3: OlpeJIeIAM KOJI TIOCPEICTBOM IPO-
BEPOYHOIl MaTPHIILI, CTOJOIAMI KOTOPOIl SIBJISIOTCS BCE HEHYJIEBbIe BEKTOPBI JIUHBI M.
OueBuIHO, UTO JMOOBIE IBA CTOJIOIA STON MATPHUILLI TUHEHHO HE3aBUCUMBI U HANIYTCSI TPH
JIMHEITHO 3aBUCUMBbIX CTOJIONA, CJIEJ0BATEILHO 110 TeOpeMe 3 KOJ0BOE PACCTOsIHUE PABHO 3
U 3HAYUT KOJI UCHPABJISIET OJIHY OMMUOKY. DTOT KO/ HA3bIBaeTCA Kodom Xommuneaa, raiee
Oynem ero obozHadath H".
[TapamMeTpsl Ko1a X3MMUHTA:

n=2"—1,k=n—log(n+1),d =13,

m = log(n + 1) (31ech u Beoay nanee log(-) aBiasercs gBoudHbIM JorapudmMoM, ec/iu He
0roBOpeHo 0c000).

YrBepxkaenue 2. Kod Xommunea H" asasemea cosepuiernvim K000M, UCIPABAAIO-
wWuM 00HYy owubKy.

HokazarenbcrBo. Kog H"™ ucnpasisier ofny ommbKy (10 ompejeaennio Kojia). 1o
IIOCTPOEHUIO €r0 MOIIHOCTH PABHA

2n
H’n — anm — ,
72" n+1

rae m = log(n + 1). CiietoBaresibHO, OH IOCTHIAET TPAHUIBI XIMMUHTA (CM. Teopemy 2)
U [OTOMY SIBJIIETCS COBEPIIEHHBIM. A

YrBepxkaenue 3. Kod Xommunza eduncmeen ¢ mournocmsro 00 u3omophusma.
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1.3.2 IIpumepsl KOA0B XIMMUHTA JJIUHBI 7

PaccMorpuM Tpu pa3/WIHBIX HIpeICcTaB/IeHNs KOa XIMMUHTA JIJIAHBI 7.

1. Kog Xsmmunra jiusbl 7 3a/a8 IPOBEPOYHOIT MAaTpUIeil B KAHOHUYECKOM BH/JE (CM.
[1], roi. 1), 1. e. mpoBepouHast MaTpUIa UMEeT BH/

0111100
H=11011010
1101001

2. Kon XsMMuHTa JJIUHBL 7 B MUKJIHYECKOM BHJE.

Ounpenenenne. Jluneiinpii Kox C' IITHBL 1 HA3BIBACTCI UUKAUYECKUM, €CIH /IS JTI000T0
KOJIOBOTO CJIOBA T = (Z1,Tg, ..., Tp) CIOBO (T, T3, ..., Ty, 1) npuHaIexRuT Koxy C.

[Tposepounasi MmaTpuiia Kojga XIMMUHTA JAJAAHBI 7 B IUKJIXIECKOM MPeJICTaBJIEHNN HMeeT
BHU;

=
I
O = O
O O =
= O O
_ o
— =
O = =
=

3. Bo MHOTUX cjiydasiX 10JIE3HO OLPEJIE/IATh KO XIMMUHIA Y€Pe3 IPOBEPOUHYIO MaT-
puILy, 33JJaHHYIO B JIEKCUKOT'PA(OUIECKOM BU/IE

H =

— o O
o= o
—_ = O
oo =
_ o
O = =
— =

T. €. CTOJIOIBI TPOBEPOYHOIT MATPHUIIHI 3AIMCAHBI B JIEKCUKOT PahrIeckoM mopsijike Bo3pac-
TaHUs JBOUYHBIX IIPEACTAB/IEHUN HATYPAJbHBIX YUCEI.

1.3.3 lekommpoBaHue KOJa X3IMMUIHTA

Kox Xsmmunra jormyckaer camoe mpocToe JeKoaupoBanue. PaccMoTpum npejicraBieHue
Koj1a XaMmMmuHTa H"™ MOCpeIcTBOM IIPOBEPOYHON MATPHUILBI, CTOJIOIBI KOTOPOil 3alluCaHbl B
JIEKCUKOT pahUIECKOM TOPIKE:

H,, =[B(1),B(2), ..., B(n)],

snech H,, — nposepounas marpuua koga H™, m = log(n + 1), B(i) — asouunoe npej-
craBjieHre 4uciia ¢. Vcnosb3ys 3ty npoBepounyio MaTrpuily H,,, MOKHO OIPeJeuTh KO/l
X3MMUHTA CAEIYIONUM 00pa30M:

H'={z=(x1,...,2,):x € E", ZB(i)-xi:W"}.
i=1

Ounpenenenne. Bekrop S, = Hy”, rae H — uposepounasi MaTpuia JUHEHHOIO KoJa,
HA3bIBACTCS CUHIPOMOM BEKTODA Y.
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[TycTs B KaHa/I€ CBSI3W TPU Mepegade BEKTOPA X MPOU30IIIA OHA OMTUOKA B i-if KOOP-
JUHATE U MOJYYeH BEKTOP Y. BoCmob30BaBIIMCH TeM, 9TO i JIFOOOrO KOJTOBOIO CJI0OBA
x koma H" Bumonngerca Haxl = 0™, maiineM cHHIPOM BeKTOpa ¥:

S, = Hy" = Hz" + He] = He] = B(i).

Cunznpom S, paBeH cTOJIOLY, HOMED KOTOPOIO % BJIAETCS HOMEPOM ONIIHOOYHON KOOD-
JWHATH BEKTOPA Y. 3/1€Ch €; — JIBOWIHBIN BEKTOP JIWHBI 7 C €IUHUIEH TOJIHBKO B i-if
KOOpAAHATE.

[Tozauee (eMm. 1. 5, noapasf. 5.4.1.) Gyaer paccMOTpeH mpuMep Koja XIMMUHTA HAJ,
nosiem Lanya GF(q) nist mpousBosibHOTO ¢ = p™, Tjie p — J1060€e TPOCTOe TUCIO.

VYupaxkuenune 11. Jlokazarh yTBep)KIeHue 3.

1.4 Cnoocobbl TIOCTPOEeHNsT HOBBIX KOJIOB

3/1ech pacCMOTPHUM HECKOJIBKO OOIIUX CIIOCOOOB MOCTPOEHUSI KOJIOB, KaK JJUHEHHBIX, TaK U
HeJIMHEeHHBIX. B ciiydae mocTpoeHus JTUHEHHBIX KOJAOB UX MapaMeTpbl OYIyT 3aKJII0YeHBI
B KBaJIpaTHble CKOOKHM, B C/lydae HeJIMHEHHbIX KOJIOB — B KPylJible CKOOKHU.

1. Metoa xoMOMHUPOBAHUSA KO/IOB

Teopema 8 ITycmv G1, Gy — noposicoarowsue mampuuv, 0as [ny, k. di] u [ng, k, ds] —
Kk0doe coomeemcmeenno. Tozda xKodvl ¢ NOPOHCIGIOUWUMY MAMPULUAMU

(G o) u(Gic)

npedcmasaaiom coboti [ny + no, 2k, min{dy, ds}|- u [nq 4+ na, k, d]-kodw coomeememeento,
npuvem d > dy + ds.

2. JlobaByieHUe 00OIIIei i TPOBEPKMN HA YETHOCTh

U3 asouunoro koma C' ¢ mapamerpamu (n, |C|, d), rie d HeveTHo, 06pa3yeM HOBbIH KO/,
C’ ¢ mapamerpamu (n + 1,|C|,d + 1), HaszbBaeMblil pacwupenmvm Kodom nodasass 0 B
KOHIIE KazKI0I0 KOJ0BOro ¢10Ba C' 4eTHOro Beca n 100ap/isdd 1 B KOHIE KazKJI0ro KOJOBOIO
CJIOBa HEYeTHOro Beca. Bee komosbie citoba koma C' mMmeror, oueBuano, deTHbiil Bec. Kog
C' ynosJjeTsopsier obIieMy ypaBHEHHIO POBEPKH Ha YeTHOCTh

rT1+ 22+ ...+ 201 =0.
Jlng muHeRHBIX KOJOB IIpoBepoYHad MaTpuna koma C' mmeer BH

1 1

H :

0

rie H — uposepounas Marpuna ucxognoro kojaa C. Takoil Ko Ha3bIBaeTCs pacuiupeHHvim
K0JOM.
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3. BrikajgesiBaHue KOOOBBIX KOOpAMHAT

BbikasibiBaH#ne KOJOBBIX KOODIUHAT MPEACTaBIsIeT cO00i yaaienne oaHoil u Gosee Ko-
Op/IMHAT BO BCEX KOJOBBIX cjioBax. Eciam uexoaubiit kog C' umen napamerps: (n,|C|, d),
10 KOz, C', moJTyueHHbIii BbIKAJIbIBAHUEM OJHOI KOOpAuHaThl 13 C, HMeeT CJepylonye na-
pamerpsr: (n — 1,|C'|,d'), tne |C'| < |C|, d —1 < d < d (3amerum, aro |C| = |C'|, ecoin
d>1).

4. Koz ¢ BeiOpackIBaHUEM

Koz ¢ BbIOpachiBaHWEM TIOJYYAETCS M3 MCXOMHOTO YIAJEHHEM BCEX CJIOB HEYETHOrO
(nnm werHoro) Beca. 13 koma ¢ mapamerpamu (n,k,d) moaydaercs kox (n, k', d’), tie
K <k, d > dwu vacro d > d (manpumep, eciun d — HeUETHOE U YJIAJEHBI BCE CIOBA
HEYEeTHOIO Beca).

Boobiie roBopsi, MOXKHO paccMaTpuBaTh KOJbI C BbIOpAChIBAHHEM CJI0B HEKOTOPOTO
Beca, HAIPUMED, MAJIOTO WU GOJIBIIOTO.

5. ITononnenue koxa Ilycts C' — mpoussosbHblii kox B E™. Paccrosaue d(C, x)

Mexk Iy BekTopoMm = € E™ u komom C' onpeesisiercst Kak

d(C,z) = mind(y, x).
yel
Jlemmvma 1 Ecau C — aunetinwiti kK00 ¢ k0dosvim paccmosnuem d u ecau Hatidemcs
maxot eexkmop x, wmo d(C,x) > d, mo mmnoocecmeo C U (C + x) asaaemes AuHETHbIM
K0dOM ¢ K0006bLM paccmoaruem d.

Yupaxkuenne 12. /lokazarb jiemmy 1.

[Tonosnenue koma C' ¢ napamerpamu [n, k, d] m1o6aBaeHnemM HOBBIX CJIOB MPEICTAB/ISAET
coboii ciaenytomee: ecou B E™ naiigerca Bekrop a takoii, uro d(C,a) > d, To nobaBum K

HCXOIHOMY KOy MHOKecTBO C'+a. [Ipu ToM moTyInM Ko 1 TOii 2Ke JUTHHBI 1, pa3MepPHOCTH
kE+ 1.

6. YkopoueHnue Koga
YKOpoUueHHe KOJa COCTOUT B CJIeTYIOTIEM:

a) BBIOMpaeM BCe KOJIOBbIE CJIOBA, Y KOTOPHIX KoopauHaTa i pasua 0 (mu6o 1). Kak
1paBuJIO, BbIOUpaeTcs DoJiee MOIIHAS YaCTh KOJOBOW MATpHUIlbl ¢ (PUKCUPOBAHHON KOOP-
JIMHATOW 7, €CJIM TAKOBON HET, KakK, HAIPUMeEpP, B JUHEHHBIX KOJAX, TO BHIOMPAIOTCS BCE
KOJIOBBIE CJIOBA, Y KOTOPBIX KOOpaumHATa ¢ paBHa (;

0) yJassieM 3Ty KOOD/JMHATY B BHIODAHHBIX CJIOBAX.

3 kona C' ¢ napamerpamu (n, |C|,d) noayuaercs (n — 1,|C’|, d")-kom C’, rue |C'| >
|C/2, d' > d.

Yupaxkuenne 13. [locrpours pacimmpenubiit Ko X9MMUHTa JIUHBI 8 j100aBIeHUEM
o01meit mpoBepku Ha YeTHOCTD. /loKazaTh, 9TO KOJI MMeeT paccrosuue 4, oOHapyKuBaeT 2
OIMMOKH U UCHPABJIAET OJHY OIIUOKY.
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1.4.1 Koucrpyknna IlnorkuHa

Pacemorpum eme oaun 3¢ eKTuBHBINA CIOCOO MOCTPOEHUS KOAOB, KOTOPBI IO3BOJISET,
nMesl B Ka4eCTBE CTAPTOBBIX KOJIBI MAJIBIX JIHH ¢ ONTHMAIBHBIME HIH OJU3KHMH K OII-
TUMAJIbHBIM TIapaMeTpPaMu, CTPOUTH OECKOHEUYHbIe CePUM KOJOB C TAaKUMU K€ XOPOIIU-
MU mapaMerpamvu. B ganbHelinteM HaM MOTpedyeTcs CJieIyolnee HeTPY/IHO JOKA3bIBAEMOe
yTBep:K/IeHNe.

YrBepxkaenue 4. /s robvx eexmopos x uy ud E™ cnpasedauso
w(z+y) = wlz) —w(y).

Teopema 9 (ITnorkmu M., 1960, cm. [1]). Ilyemv C u D — dsounnwie (n, My, dy)
u (n, My, ds)-x000, coomeememesenno. Tozda mmoscecmeo

C*" ={(r,x+y):z€C,ye€ D}

aeasemcs (2n, My - My, d = min{2d;, ds})-xodom.

Hoxkazarenbctso. [lycrs u = (z,x+y), v = (2/,2'+y')— upousBosibHbIe pa3TuUHbIE
KojioBbIe caoBa Koga C?", rne x, 2’ € C, y,y € D.
Ecmn y =/, o
d(u,v) = d((x,x), (2", 2")) = 2d(z,2") > 2d;.

[Tyctr y # 3/, Torma, ucnoab3ys yTBepzKaeHue 4, noaydaem
du,v) =w(x —2") +wlez+y—2' —y) =

=w(z—2)+w(ly—y)+@-2)) >

>w(z—2)+wly—y)—w-2)=wy—y)=d.

Yupaxkuenune 14. /lokazarb reopemy 8.

Yupaxkaenue 15. HaiiTu mopoxKIaro0mTyo MATPUILY pacIIIPEeHHOTO KOTa XIMMHIHTA
JauHBl 16, TOCTPOEHHOTO ¢ MOMOIIbI0 KOHCTpYKIun [lnorkura. Kakme Komapl A1 3TOTO
HYKHO HCIIO/Ib30BAThH !

1.5 Teopema I'nmaroJsena

B sT0M pasjese MHOXKECTBO CTPOK IIOPOK/IAMOIIEH MATPUIIBl KOJIa 6y/1eM HA3BIBATDL 0a30-
6bLM MHodcecmeom (mmm 6az3oii).

Teopema 10 (Tsmaroses B. B., 1971).  Jlaa a06020 060unnozo  aunelinozo
[n, k, d]-koda C' cywecmeyem aunetinod xkod C' ¢ memu sce napamempamu maxot, 4mo
€20 6a3080€ MHOHCECMBO COCMOUM U3 KOOOBLLT CAOE MUHUMANGHO20 8€Cq d.
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HoxkazarenbcTsBo. Ilyers  ul,u?,...,u® — MakcnmMaJIbHOE MHOMKECTBO JIMHEITHO

HE3aBUCHMBIX KOJOBBIX CJIOB Beca d JaHHOTO [n, k, d|-koma C. Ilycts s < k. Bece KomoBbie
CJI0Ba KOJIa
C\ <uu? ... uf >

nMeroT Bec 0oJibie d. BeibepeM mpon3BOIbHOE KOZOBOE CJIOBO

vl e O\ <utu? . uf >

2

HanmMenbIero Beca d u pacmupum MHokectso {ul, u? ... u® v'} 10 Gaszn

1,2 s o1 k—s
{u,u?, .. u’ v, . 0" 0}
kona O, rje BeKTOpHI v, ..., v ™% gBigioTcd AHIepaMH KJIacCOB CMesKHOCTEH HaHMeHb-
mero Beca B Kofe C 1o moakoay < ul,u?,...,u® > u IMeoT Beca He Menbie d’.

BaMenum KogoBoe ¢10B0 v Ha BekTop x!, Mensas jobbie d' — d HeHyJIeBBIX KOOPAMHAT
KOJI0OBOTO cJIoBa v ma mysu. JInneiiHoe MOAIPOCTPAHCTBO

C' =<t w0 o >
ABJISCTCS TBOMIHBIM KOJOM ¢ MHHUMAIBHBIM BECOM KOJOBBIX CJIOB PABHBIM d, TOCKOIBKY
< vl u? ... u® > He u3MeHHJIOCH, a KoOjoBble cioBa kKoma C'\ < ul,u® ... u® >
MU3MEHUINCh, caMoe Gosibinee, B d' — d KOOpAMHATAX, T. €. B KaXKJOM BEKTOpe (HAuuHAas ¢
Jmjepa) IPOM3BOJBHOIO KJiaacca cMexkuoctu vl + < ul u? ... u® > usmenniaocs ne GoJiee
d' — d xoopauHaT u HOBBIHI BeKTOp MMeer Bec He menee d, i = 1,... k — s.

[Tokaxkem, uTo pasmepuocTh Koma O pasna k. Eciaum ato me Tax, To BexkTOp x' sB-
Jsercd JuHeiiHofi KoMmGuHamell Bektopos u',u?, ..., u®, v%, ..., v, u, ciemsosarenpHo,
! € C. Tak xak w(v! — ') < w(?!), To 2!, v} — 2! e< w' u? ... u* >. Orciona
vl e<ut,u?, ..., u® >. Ho 3T0 IpOTHBOpPEYHT TOMY, UTO

vl e O\ <ulu?

S
e, >
Cuenosarennno kox C7 umeer Te ke napamerpsl, 9To u ko1 C, HO GoJibIIee 110 MOIHOCTH
MaKCHUMaJIbHOE MHOXKECTBO JIMHEITHO HEe3aBUCUMbBIX KO OBBIX CJIOB BeCa d
[Tocrynas ¢ xkogom C’ Tak ke Kak u ¢ kogoMm C, He Gosiee 4eM 3a k IIaros Haiizem
HCKOMBII KOJ. A

3ameuanme. B 1992 r. FO. Cumonnc He3aBHCHMO J0Ka3aJ aHAJTOTHIHYIO TEOPEMY JIJIs
¢-3HAYHBIX JHHEHHbIX KOy0B Haj GF(q).

Citerytoniee yrBepIKeHre BuITeKaeT u3 Teopembl 10 u yTBepKIeHUS 3 O €/IMHCTBEH-
HOCTH KOJa X3MMUHTA.

CaenctBue 1. /laa npoussosvhozo koda Xommurea cyuecmsyem b6a3060e MHodtce-
CMBO, COCOAULEE U3 KODOBHIT CA06 BECH 3.

VYupaxkuenue 16. Haiitn (KOHCTpYKTHBHO) 06a30BO€ MHOMKECTBO KOja X3IMMUHTA
IPOU3BOIBHOI JOIMYCTUMOM JITTHHBI, COCTOdAIIee I3 KOJOBBIX CIOB Beca J.

YKazaHue: UCIOJb30BaTh KOHCTPYKINIO Bacuibesa.
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VYupaxxuenue 17. Jlokaszars Teopemy H). Cumonuca.

I'masa 1. JluHeiinblie KOIbI



I'1aBa 2

JlekoaupoBaHue

2.1 JlekomupoBaHue JBOMYHBIX KOJIOB

[Iycts coobmmenne u = (ug, ..., Uy) 3AKOAUPOBAHO KOJOBBIM CJIOBOM T = (I, ..., Ty),
KOTOPOE MEePeJaeTcss M0 KaHajly CBA3W € NIyMOM. LIpuHaATHIi BeKTODP ¥ = (Y1, ..., Yn)
MOYKEeT OTJIMYAThCS OT T. BBegem BeKTOp OMMOOK

e=y—xz=1(e1,...,€),

riae ¢; = 0 ¢ BepogTHOCTBIO 1 —p, €; = 1 ¢ BepOATHOCTBIO P (MCKABUIICH -1 CUMBOI),
P — MPOU3BOJIBHOE YHCIIO0, yaoBIeTBOpsionee 0 < p < 1/2.

Bagaua exoiepa pennTh Ha OCHOBAHUHU MPUHSITOTO CJI0BA Y, KAKOE COODIeHne U Ui,
9TO, KaK IIPABUJIO, yI00HEe, KAaKOe KOI0OBOE CJI0BO X ObLI0 mepepano. Ecin mekomep Haiizer
CJIOBO €, TO JIEeTKO BBIYHCJINTHL KOJOBOE CI0BO & = Yy — e. Ho mekomep 9acTo He MOKeT
OlIPE/IeJINTH B TOYHOCTH, Y€MYy PaBeH BEKTOp omuboK e. B 3rom ciydae ero crparerus
3aKJ/I049aeTcs B BbIOOpe HauboJjiee BEPOSITHOIO BEKTOPA ONIMOOK €.

Omurmem JeKoaupoBaHne B OJMzKaiilliee KOIOBOE CJIOBO WIH JE€KOIMPOBAHHE IO MaK-
CUMYMY HpaB,ZLOHO,ILO6I/IH (,H‘.HH ABOUYHOI'O CUMMETPUYIHOI'O KaHaJla CBA3U 9THU METO/bl 1€-
KOJUPOBaHUA COBIIadal0T, IIOCKOJIBKY METPpHUKa XSMMI/IHFa COrJlaCOBaHa C ABOMYHBIM CHM-
MeTPHYHBIM KaHAJOM). [ToCKOIBKY OMMOKH TTPOUCXOASIT HE3ABUCHMO C BEPOSITHOCTBIO P,
TO JIJIS BEKTOpA OIMHOOK € JITMHBI 12 HMeeM

P{e=(000...0)} = (1 —p)",
P{e=(010...0)} =p- (1 p)”‘l,

};{e =v,wv) =k} =p"- (1 —p*

rJge € — BeKTOD OH_[I/I6KI/I JJIUHBI 7.
Tak kak p < 1/2, 70 1 — p > p U, OUEBUIHO, CIPABEITUBO

(1=p)">p-1=p)" > . >p-Q=—p"F>. .

Jlpyrumu ciioBaMu, (pUKCHPOBaHHBINH BEKTOP OIMIKOOK Beca 1 6ojiee BEpOATEH, YeM BeK-
TOp OomuOOK Beca 2, u T. 1. OTCIoIa HAIPAIITNBAETCS CTPATErnsd JeKOIUPOBAHUI: Y JEKOIU-
pyercsi B byimzKaiiiee KOJ0BOe CJIOBO X WU, YTO TO YKe CaMOe, BEIONPAETCs BEKTOP OMNO0K
€ HaNMEHBIIETo Beca. Takas mporeaypa JeKOIUPOBAHNS HA3BIBACTCS JTEKOINPOBAHUEM 1.0

23
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MaKCUMYMY npasdonodobus (T. e. B BRIOOpe HanbosIee BEPOSITHOTO BEKTOPA OMMUOOK € JIJIst
JAHHOTO IPUHIATOrO BEKTOPA YY) W dekoduposanuem 6 baustcatiuee k0dosoe cao8o.

J171s1 KOJIOB, MOIIMHOCTD KOTOPBIX HEBEINKA, JOMYCTHMO JEKOJIUPOBAHIE HOJTHBIM Iepe-
00pOM, HO, OYEBHUIHO, YTO ITA CTpaTerus He gpjsgercd 3pdexkTuBHoi. OMHON U3 IJIaBHBIX
neJieil TeOpuM KOPPEKTUPYIONINX KOIOB sIBJISIETCS KOHCTPYHPOBAHUE KOIOB ¢ (pdeKkTun-
HBIMH MIPOIEIYPAMU JeKOINPOBAHNSI.

2.2 Jluneitnble Koapl. /leKoaupoBaHue JJUHEITHOTO KOJa

2.2.1 CrangaptHoe pacmoJioxenue. CuHIAPOM

st IMHEeHHBIX KOJIOB MOTYT HPUMEHSTHCS 0COObIe MPOIEyPhl JIEKOJUPOBAHUS — C HC-
MOJTb30BAaHUEM CHHIPOMOB M TabJIUIBI CTAHIAPTHOTO PACIOIOZKEHS.

[Tycts C' — nuHeiinblit qBondHbIi 1, k|-Kox (Bce naabHeinne paccyKJIeHus B 9TOM
IYHKTE CIPABEeINBbI JIJIs TMHEHHBIX KOJOB HaJl OJIeM u3 ¢ > 2 sjaementoB). s aro6oro
BEKTOPA @ MHOKECTBO

a+C={a+z|zeC}

HA3BIBAETCS CMeEACHbM Kaaccom (mmu capurom) Koga C. Kaxapiii cMexkHbI Kaace co-
nep:kut 28 BeKTOpPOB, JBa BeKTOpa @ M b NMPUHAIIEKAT OJHOMY M TOMY K€ CMEKHOMY
KJIACCY TOIJIa U TOJBKO Toraa, Korma a — b € C. Jltobble aBa cMEKHBIX KJIacca JHOO He
HepeceKaTest INO0 COBIMAMAIOT (YACTHIHOE IePecevdeHne HeBO3MOYKHO). DTOT (HaKT JErKo
JIOKA3bIBAETCH OT IPOTHUBHOIO.

Takuwm obpazom, n-mepHbIit e uHIIHBIA Ky0O £ M0KHO pa3dbuTh Ha KJIACChl CMEXKHOCTH
o Jimueitnomy Koy C:

E"=CU(a'+C)U...U(a™+C),

rme m=2""kF—1.
BekTop y, npuHsThlil JIEKOJIEPOM, LOIAJIAET B HEKOTOPDIH #-if KJIACC CMEZKHOCTH

y€a+C,

T. e. y = a' +x 11a mexoToporo = € C. Ecam 6BII0 IepeJano cJoBo o, TO BEKTOP OMIMO0K
BBIYUCJIAETCA KaK
e=y—a =d+rx—2 =d+2"ca +C,
T. €. BEKTOP OIMHOOK MPHHAIEKUT TOMY 7K€ i-My KJIACCy CMeXKHOCTH. Takmm oOpasom,
€CJIN IIOJIYIUJIN BEKTOD Y U3 7-TO KJIaCCa CMEZKHOCTH, TO BOSMO2KHBIMHI BEKTOPaMH OH_H/I6OK
Oy/LyT BCE BEKTOPbI i-I'0 CMEXKHOI0 KJacca. Orcroa BbITeKaeT CJeLyonas cmpame2us de-
Kodepa: N3 CMEKHOIO KJIacca, CoJAep:Kallero BEKTOP ¥, BHIOMPAeTCsi BEKTOP € HAaUMEHBIIIEro
Beca. Ecm TakuxX BEKTOPOB HECKOJIBKO, TO BbhIOMpaeTcs J1000it u3 nux. Jansee npousso-
JIATCS TEKOTUPOBAHME i KaK
r=1y—e.

BeKTOp MUHHUMaJILBHOT'O B€Ca U3 CME2KHOI'O KJIaCCa Ha3bIBaCTCA /Luﬁepom CMEIHCHO020 KAAC-
ca.

Onuirem Tab/IMILy, HA3BIBAEMYIO CMaHIapMHbLM PAcnosodtcenuem s koda. Cranmgapr-
HOE pacroJjioykeHne — yj00HbIH crocob omucanus paboThl Jiekojiepa. B mepByio cTpoky
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TaOJNIBT MTOMEIAIOTCA COOBIIEHNs, BO BTOPYI0 — KOJOBBIE BEKTODPLI, TPUYEM B MEPBOM
cToNbIe CTOMT HyJaeBoil BekTop: ' = 0,22, ..., 2% . B Tperbio CTPOKY IMOJ HYJIEBBIM
BEKTOPOM TOMeIAeTCd JHAepP ¢ HeKOTOPOTOo Kjaacca cMe:kKHocTH 1o Koxy C' U cTpoka
3aI0JIHAETCS TAKIM 00Pa30M, 4TOObI O/ KOJOBBIM CJI0BOM Z' crosio ciaoso al + zt. Cie-
JyIONITe CTPOKH 3all0IHAIOTCS aHAJIOIHYHO. IIpomece IpogosKaeTes 10 TeX Hop, IoKa He
UCUYEPITAIOTCs BCe BEKTOPHI u3 K.

k
Coobienue ul u? - u? Cunapom
k
Koz e x? x? So
.o o k
[TepBbIii CMeZKHBIH KTace at al + z? at + 22 S,
- - k
Bropoii cMe:KHBII KIace a? a’ + 22 a? + 22 Sy2
m = (Znik - ]')_ﬁ m m 2 m 2k
. a a”+zx a” +x Sym
CMEKHBIH KJIace

[To nocTpoenuio B TadJ/iuIle CTaH/APTHOIO PACIIOJIOKEHUS B CTPOKAX HAXOJISITCS KJIACChI
CMEKHOCTH C JInjIepaMi  KJIACCOB CMEyKHOCTH, PACIOJ0KEHHBIMH B IIEPBOM  CTOJIOIE.
B nocuteirem ¢To1011e 3annCchBaOTCA CHHIPOMBI TrAepoB. CHadaIa pacCMOTPUM MTPOIECC
JIEKOJIMPOBaHKS 0e3 MCIOJIb30BaHUsA CTOJI0IA CHHIPOMOB.

IIpumep 1. Pacemorpum npumep smueiinoro [4, 2]-koga (cm. [1], ¢. 26) ¢ nopoxgaro-

meil MmaTpunei
1 011
G = [ 01 01 ] )

Tabuna cragIapTHOTO pacIoIoXKeHus Oe3 CTOI0IA CHHIPOMOB JIJISI TOI0 KOJIa HMeeT
BU/I,

Coo0liieHue 00 10 01 11
Kop, 0000 | 1011 | 0101 | 1110
[Tepsbiit cmexubiit kiace | 1000 | 0011 | 1101 | 0110
Bropoit ecmexkunrit knace | 0100 | 1111 | 0001 | 1010
Tpernit cmexkunrit Kiaace | 0010 | 1001 | 0111 | 1100

Kakum obpaszom jeiictByer jgekomep?

e llier B Tab/uie MOJIyYeHHOE Ha BBIXOJIE€ KaHAJ/Ia CBA3W CJOBO Y, HAUPUMeEp, Y =
(1101).

e [Ipunumaer pemenue, 4T0 BEKTOP OMUOOK € — ITO JIMJAEP KJIACCA CMEKHOCTH, CO-
JiepzKaliero Bektop y, T. e. e = (1000).

e Jlajsiee BekTOp ¥y Jjiekoaupyercs B BekTop © = y — e = (1101) + (1000) = (0101) u
JIEJIAETCs BBIBOJI, UTO UCXOHOe coobuienne 6uL10 pasao (01).

OueBHIHO, YTO JEKOINPOBAHUE, HCIOIb3YIOIIee CTAHTAPTHOE PACIIOIOKEHNe, ABIIeT-
¢S TEKOAMPOBAHUEM TI0 MAKCUMYMY MPABIOTOI00MSI.

Ecnu nuneitnbiit Koa nuMeeT HeOOIbIIHE MaPAMETPBI, TO TAOJIHUIIA CTAHIAPTHOTO PACIIO-
JIOZKEHUSI OYeHb y100Ha Jj1s mporecca Jekoauposanus. Ho B OobIIMHCTBE CIyvyaeB Takas
npore/ypa HeapdekTruBHa, Tak Kak Tpedyer 60b110r0 00beMa Buruucaenuii. Hanpumep,
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ecan B34Th JinHeHbit Koy jyuabl 100 u pasmepuoctun 70, To Tabauna JEeKOIUPOBAHUS
comepxut 270 cTonbuos u 2% cTpok, T. e. IMeeT 0OUeHDb GOJIBIINE Pa3MepHL.

[Ipormece mekoIMpOBaHUSA MOYXKET OBITH YIPOIIEH C TOMOIILIO CHHAPOMOB. [l meko-
JIMPOBAHMS JIOCTATOYHO BBIIUCATH JIMJEPbl CMEXKHBIX KJIACCOB M COOTBETCTBYIOIIUE KM
cunpombl. Tlocsie TOro Kak 1ojiyden BeKTOp Y, Bblumcisercs ero cunjgpom S, = Hyl.
Jlajiee OTBICKHBAETCS JIHMAEP CMEXKHOTO KJIacca a' ¢ TeM ¥Ke CHHIPOMOM U BLIYHTaHHe
9TOro Jinjiepa U3 BEKTOpa Y

r=y—a

JIAET MPEJIIOJI0XKUTE/ILHO MOCJAHHBI BEKTOD .

2.2.2 (CsoiicTBa cUHJIpPOMA

1. Ecsin nposepounast MaTpuna JuHeHHOrO Koga umeer (n — k) CTPOK, TO CHHIPOM
S, TPOU3BOJIBHOTO BEKTOpa Yy € E™ sBistercst BeKTopoM JuHbl (N — k).

2. Tlockoabky 1O oNMpeieIeHUIO JIMHEHHOTO KOJAA BEKTOP ¥ SBJISETCS KOIOBHIM TOTAA
1 TOJBKO Torna, Korna Hy! = 0, To cupaBeanBo

YrBepxkaenue 5. Cundpom Sy, eexmopa y pasen 0 mozda u mosvko mozda, kozda y
ABAAECMCA KOOOBVLM GEKMOPOM.

3. CupaseainBo

YrBepxkaenune 6. /s dsounroeo aunetinozo xoda cundpom S, NPUHAMO20 6EKMOPA
Y pasen cymme mexr cmoabyoe nposepounoti mampuys, H, 20e npousowsu owubku.

dokazareabcTBo. llycTh momyden BeKTOp y = x+€, T/ie £ — KOJIOBBIi BeKTOp. Torma
110 OIIPEJICJICHUIO CUH/POMA U U3 YTBEPXK/ICHUSI O UMEEM

S,=Hy" = H(z +e)" = Hx" + He" = He.

[Tycts e mmeer "1" B KOOpAMHATAX C HOMEPAMH 11, 19, . .., 15, T. €.

supp(e) = {iy,d9, ..., s}
DTO 03HAYAET, YTO MPOU3ONLITH OIMMUOKU B i1, l9, ..., Iy KOOpAWHATAX. TakuMm obOpa3om,
nMeeM

S

H@T = Zezkhzk = hil ‘f‘hm + ... +h2‘s7
k=1

rae h;, — 370 i;-it cronbern MaTpunsl H. CregoBaTesnbHo,

Sy - Z hikv
k=1

T. €. AefCTBUTE/ILHO CHHIPOM BBIIEIeT Te MO3UINH BeKTOpa, I1e IPOU3OILIN OMINOKH. A

4. Imeer MeCTO B3aUMHO OJHO3HAYHOE COOTBETCTBUE ME2K/AYy CUHAPOMaMHU U CMEZK-
HbBIMHU KJIaCCaMH.
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YrBepkaeHue 7. Jlea sexmopa u U U NPUHAOAEHCAM 0OHOMY U TMOMY IHCE CMEIIC-
HOMY KAaccy mozda U moavko mozda, K020a UL CUHOPOMbL PAGHDL.

okazareabcTBo. /IBa sjiemMeHTa rpymibl @ U U NPUHAILIEKAT OJHOMY M TOMY IKe
CMEeKHOMY KJIaCCy MO JaHHOI MOATPYTIIEe TOTIa W TOJIBKO TOT/Ia, KOTAA U — v TPUHAIJIEKAT
9Toil moarpymme. B Hamewm ciaydae moarpynmoii asiaserca kox C), 1. e. u — v € C. Torma
110 OIpeAe/IeHUIO JUHEHHOT0 KOIa BHIIOJTHSIETCS

H(u—v)" =0.

Otrciona Hv' = Hu'. A

Taxum 06pa3oM, CHHIPOM COJEPKUT BCIO HHMOPMAIUIO, KOTOPYIO UMeeT JeKojep 00
omubKax: 10 IPUHATOMY CJOBY Yy Bbrumcasercda cuuaapoMm S,. Ilo yTBepikaenuto 6 cun-
JIPOM PaBeH CyMMe TeX CTOJIOI0B HPOBEPOYHON MaTpHILbI, Tyie npousonuim omudku. [To
CUHIPOMY HUIIETCS JINJIEP CMEeXKHOTO KJIACCa, TO eCTh BEKTOP OMMOOK U Jajiee — KOIO0BOE
CJIOBO.

PacemorpuMm BeruncieHne cuHIpoMa s IPUBEIEeHHOTO Bbilie npuMepa. CHavasa 1mo
nopoxK gatomnieii Mmarpune G HaiigeMm IpoBepouHyo MaTpuity H:

1011 1 0[1 0
G_(o 10 1) _’H—(l 10 1)'

1
3areM BBIMUCIMM CHHJIPOM IS CMEXKHOrO Kjacca ¢ jugepom (1000), on pasen < 1 ) :

T. e. mepBoMy ctosioy marpunsl H. Jlajee BbraucuM BCe CHHIPOMBI U 3alUIIEM UX B
TabJIMILYy CUHJIPOMOB.

Coobuienne JIngep | Cuaagpom
Ko 0000 ( 8 )

. . 1
[lepsbiit cmexubiii kjace | 1000 ( 1 )
Bropoit cmexkubiil Kiace 0100 ( ? )
Tperuit cmexkubIit Kjacce 0010 ( (1) )

[Tycrs noaydeno cioso y = (1100). Beruucium ero cuugapom:

0
w-(2a0)3)-
0

OH paBeH TpeTLeMy CTOJOIY IPOBepodHOil MaTpunsl H. EMy oTBedaer maep cMexKHOrO
kiacca (0010), oH Ke ABJISETCS HCKOMBIM BEKTOPOM OITHOOK, T. €.

—_

10
11

O =
N
O =
N———

O =

z =y — (0010) = (1100) + (0010) = (1110).

Orcrona esiaeM BBIBOJ, 9TO OBLIO HepeJaHo KojoBoe ciaoo (1110).
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Yupaxkuenune 18. [locrpouth Tab/MIly CTaHIAPTHOTO PACIOJIOXKEHUS /I KOJa C
NPOBEPOYHONA MATPHUIEH

01 11
1 0 110
1 100

o = O
_ O O

U JIEKOJMPOBATH JIBA TPOU3BOJIbHBIX BEKTOPA, OJUH HEIOCPEICTBEHHO C OMOIIBIO Tad/1u-
bl CTAHIAPTHOTO PACIIOJIOXKEHUS, JIPYTOil BEKTOP — ¢ IOMOIIBIO TaOIUIIBI CUHIPOMOB.

2.3 BepodaTHOCTh OONINOKN AEKOJIUPOBAHUMA

Onpenenenue. Bepoamuocmvio owubky 0exo0upo8aHus WA GEPOAMHOCMBIO 0UUOKU
Ha cn060 P, 11g JaHHON CXeMbl JeKOIMPOBAHUs HA3BIBACTCS BEPOSITHOCTDH IMOSIBJICHUS
HEKOJOBOI'O CJIOBA HA BBIXOJE JEKOjepa.

[IycTh gan MuHEHHDI KO, JIMHBL 72 MOITHOCTH M ¢ KOJOBBIMHU CJIOBAME
1 M
{z*, ..., 2"},

I7Ie KOJIOBBIE CJI0Ba UCIOIB3YIOTCS ¢ PaBHOIT BepOITHOCTHI0. OO03HAYNM BEPOATHOCTD TO-
ro, 4TO Ha BBIXOJE JEKOJepa MOJIyUYeHO CJIOBO Y # T’ IpU LepejaHHoM T’ depes

Py # a'[a").
Torna

1 M
POLLI = M;P(y#qul)’

T. €. BEPOSTHOCTH ONMMOKM Ha CJIOBO paBHA CPeJIHEH BEPOATHOCTU HENPABUJIBHOTO JEKO -
pOBaHHS.

[Ipu nekoanpoBaHNHU, UCTIOIB3YIONEM CTAHIAPTHOE PACIIONOXKEeHNe, MPABIIbHOE JTeKO-
JIMPOBaHKME UMeeM TOIJIa U TOJIbKO TOIJia, KOIJIa BEKTOP OHIMOOK COBLAJIAET C JIUJIEPOM
CMEeXKHOr0 Kjiacca. VlHaue roBopsi, BEpOATHOCTb ONIMOKHM B 9TOM CJIydae paBHa

P, = P{e # nunep cMekHOro Kuacca}.

Ecim nmeem v JImaepoB cMeXKHBIX KJaccoB Beca 2, ¢ = 0, ..., n, TO BEPOITHOCTH
IPaBHJIBHOTO JEKOJAUPOBAHUA Py qex. PABHA

Pnp.;;eK. = Z azpl<1 - p>n—i7 (21)
1=0

HOCKOJIBKY BE€POATHOCTDH IPABUJIBHOT'O JEKOAUPOBaHUA KOJOBOT'O CJI0OBa C HEKOTOPbHIM BEK-
TOpOM OmKOOK v Beca ¢ paBHA

pi(L—p)"
(em. pasm. 2.1).
Tak Kak CTAHJAPTHOE DPACIOJOXKEHHe ODECIeUNBAET JEKOIUPOBAHUE 110 MAKCUMYMY

1paBJIoNo/100ust, TO Jitobast JApyras cxeMma OyJIeT UMeThb BEPOSITHOCTH IPABUJIBHOIO JIEKO-
JMpPOBaHusi MeHbIe, 9eM (2.1), a cJie10BaTeIbHO, U BEPOSITHOCTD ONMTMOKH POU3BOJIbHAST
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cxeMma JeKOJIMpOBaHus OyIeT MMeTh He MeHbIe, YeM BePOSTHOCTh ONTUOKHU MPHU JIeKOIN-
POBAHUM, UCIOJIb3YIONEM CTAHIAPTHOE PACIOJIOXKEeHNe, TTOCKOIbKY

Pow=1= Pupex. = 1= Y _aip'(1—p)"". (2.2)
i=0
s Kojia, NpuBeIEHHOTO BhITE, nMeeM oy = 1, ay = 3. Takum obpaszom, nipu p = 1—(1)0

IOy YUM
P =1—(1-p)*—=3p(1—p)*=0,0103....

Paccmorpum jinneitabiit ko1 ¢ MunuMa/ibibiM paccrosauem d = 2t + 1. Ilo Teopeme 3
OH ucrpapJisieT ¢t omubOK U, CJeJ0BATEIbHO, KazK/Iblil BEKTOP Beca He DOJIblile T sBJIsieTcs
JIMJIEPOM CMEeKHOTO KJiacca, T. e.

a=C 0<i<t.
Ecin BeposiTHOCTH p OMOKHN B KaHaJjie oueHb mMasa, 10 (1 —p) ~ 1 u, ciegoBaresibHO,
P —p)" T =o' (1= p)" ).

Or6pachiBast B paBeHCTBe (2.2) Bce WieHbl, HaYWHas ¢ i > t, noayanm bopmy.y,
ANMPOKCUMUDYIOIILY0 dhopmyy (2.2) T0CTATOYHO TOYHO:

t
Pou~ 1= Cip'(1—p)"™. (2.3)
1=0

AHanmorudHo B caydae KOJIOBOIO paccrosaust d = 2t + 2 nojaydaem CIeAyOnyo arl-
npokcumanuio dbopmyist (2.2):

t
Po ~ 1= Cip (1= p)" " = cpap (1 = p)" " (2.4)
=0

Ecm «; =0 mpui >t = |(d—1)/2], To bopmysa (2.3) cranoBuTCH TOUIHOII;
npu ¢ > t + 1 cranosurcs Tognoit dbopmyna (2.4). B mepBoM ciydae KoJ Ha3bIBaeTCst
COBEPULEHHBIM, BO BTOPOM — K6A3UCOBEPULEHHBIM.

[eoMeTpudeckn 3TO O3HAYAET, UTO B MEPBOM CJIydae mMeeM pa3OmeHue MpOCTPAHCTBA
E™ na memepecekaronuecst mapbl pajguyca t (Tak Kak KoJ MOYKEeT HCIPABIATH He OOJIbIIe,
geMm ¢ ommbok). Bo Bropom ciydae, MOCKOJBKY KO/ MCIPABJIsieT BCe OMMOKH Beca He
OoJibllie t, HeKOTOpBIe OMKUOKK Beca t 4+ 1 U He MOYKeT MCIPaB/ISATH HU OJIHON ONMIUOKY Beca,
ooJibire, yeM ¢+ 1, mmeeM MOKpbITHE pocTpancTBa £" mapamu pajauyca t+ 1. Ilpu sTom
mapbl pajauyca t + 1 MOryT mepeceKaThes.

Bonee Ttomkoit Mepoii KadecTBa J€KOIUPOBAHUS ABJISIETCA 6EPOAMHOCTNG OWUOKU HA
CUMBON.

[TycTs umeem juneitnsiii ko momaoctn M = 2F ¢ komoseivm ciosavm xt, ..., oM rie
nepebie k CUMBOJIOB T%, ..., L B Kaxj0M cloBe ABAAOTCH UHpOPMaMOHHbIME. [lycTh
y= (Y1, ..., Yn) — CJIOBO HA BBIXOJIe JIEKOJIEPA.

Ounpenenenne. Beposmmocms owubku Ha cum6os Peyyy paBHA cpegHeil BEPOATHOCTH
TOrO, 9TO IOCJe JIEKOIUPOBaHUA WH(MOPMAIMOHHBINI CUMBOJI SIBJIAETCA OITHOOTHBIM:

kM
1 AP
Pegys. = T Z Z P{y; # xj|x OBLIO TOCJIAHO }.

j=1 i=1
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Bepremcsa K IeKOAMpPOBAHMIO CTAHZAPTHBIM PACIIOIOXKeHmeM. Tak Kak Bce cooluie-
HUsI ¥ OMUOKH B JIIOGOM CHMBOJIE HE3ABUCUMBI U DABHOBEPOSITHBI (T. €. PACCMATPUBAETCS
CUMMETPHYHBI{I KAHAT), TO JOCTATOYHO PACCMOTPETH MPOU3BOIBHbIH KOIOBBIH BEKTOD
x = (x1, ..., x,). [lycTh n0OJyUeH BeKTOP Y, TOTIA

Z {yj#x

[Tycrs f(€) — ame10 HenpaBUABHBIX WHMOPMAIMOHHBIX CHMBOJIOB MOC/IE JEKOIUPOBAHMS
NP yCJOBUHU, YTO € — BEKTOP OIMHUOOK, TOT/1a

CI/IMB -

?vl»—

Ponsn = 3 Zf )P{e}. (2.5)

Paccmorpum Hamm npumep: ndydast TabJIAIY CTAHIAPTHOTO PACIIOIOKEHUS, TTPUXOIAM
K BBIBOJY, uTo f(e) = 0 ayig Bcex BeKTOPOB OIMMOOK IEPBOTO CTOJIONA, TaK KAK B MEPBOM
CTOONE CTOAT JMAEPHl CMEKHBIX KaaccoB; f(e) = 1 mada BceX BEKTOPOB OMIMOOK Kak
BTOPOrO, TaK U TPeThero crosionos; f(e) = 2 g BCeX BEKTOPOB 4€TBEPTOro CTOJOIA.
Orcroga 1o dbopmyiie (2.5) upu p = 1/100 nonyuaem

1
Pons, = 3 [1-(p4+3p3(1—p)+3p2(1—p)2+p(1—p)3)+2-(p3(1—p)+3p2(1—p)2)} =0,00530... .
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Teopema lllennona

3.1 HeobxoanmmMblie MOHATNS

Pacemorpum jiBondnbiit cuMMerpudHbiii Kanas cBs3u. [lycTsb jis KaxK0ro cuMBoJia nMe-
ercst BeposTHOCTL ) < p < % TOro, 4TO IPHU Iepejjade ero no KaHajay CBS3H IIPOU30MieT
ommubOka. [Tycrs C' — aBowmwHbIl KO, comepxKarmiuii M pPaBHOBEPOSITHBIX KOJIOBBIX CJIOB

', ., 2™ aguEBL N, B KOTOPOM KasKJI0e CJIOBO BCTPEYAeTCs ¢ PABHOI BEPOATHOCTBIO.

HamomuunMm, aTo eepoamuocmvio owubkuy Ha €A060 WIX BEPOSTHOCTLIO OmMHOKU Po s
JAaHHOI cXeMBbl JeKOAMPOBAHUS HA3BIBAETCHA BEPOSTHOCTH HOSBICHUS HEIPABUJIHLHOTO KO-
JIOBOT'O CJIOBA Ha, BbIXOjE Jekojepa. [lycth P, — BEpOATHOCTH HEITPABUIBHOIO JEKOIUPO-
BaHWA PN YCJIOBHH, UTO TepeIano Kouosoe cioso x'. Torma

1 M
Pei=+:3 P
i=1

rae P, 3aBUCUT OT BepOSITHOCTH p. PaccMoTpuM COBOKYHMHOCTH L BCeX JBOMYHBIX KOIOB
Juinabl 1 MonHocT M u onpejiesnm

P*(M,n,p) = ICIIEIE{Pc} (3.1)

Ounpepenenne. Qynuryusa snmponuu H(x) oupegesnsercs paBeHCTBOM
H(x) = —xlogz — (1 — x)log(l — x)
npu 0 <z < 1, upu x = 0 u z = 1 monararor H(0) = H(1) = 0.
OtmeruMm, uTO log x 37ech U Jajiee pacCMaTpUBAETCs IO OCHOBAHUIO 2.

Omnpenenenne. [Iponyckras cnocobrocmsb JBOMIHOIO CAMMETPUYHOIO KaHAJIA C BEPOST-
Hocthio 0 < p < % paBHa

C(p) =1—-H(p) =14 plogp+ (1 —p)log(l - p).

Onpenenenne. Ckopocmoto (n, M, d)-koga naspisaercst sesudauna (log M) /n.

Teopema 11 (Ilennon K., 1948). IIycmv R — awboe wucao, ydosaemsopsaiouee
yeaosuro 0 < R < C(p) u nycmo M, = 2F. Tozda

P*(My,n,p) — 0 npu n — oo.

31
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Teopemy Illennona MoxKHO TIepedOPMYINPOBATH CJIELYIOIMIEM 00Pa30M:

s 11060i cKOIb yroaHo MaJiol Beanunnbl € > 0 u mo6oro 0 < R < C(p) cymecryer
nBondHBIH Koy, C' ynael 1 MorHocTu M u ckopoctu R Takoii, 4T0 BEpOATHOCTL OIHOKI
nekoauposanus Po < e, rie M onpeaenserca uz coornomenus R = (log M) /n.

Wnu, roBops HedopMabHO, JIjI JIOCTATOYHO OOJIBIITUX 7 CYIIECTBYET XOPOIIH KO/I
JUTHHBI 72 CO CKOPOCTBIO CKOJIb YTOIHO OJIM3KOU K MPOMYCKHOI CIIOCOOHOCTU KaHAJa CBA3M.

[Ipexke yem J0Ka3aTh TEOPEMY, PACCMOTPUM HECKOJHKO BarKHBIX CBOWCTB SHTPOIINU
o IllenHony m mpuBemeM HeOOXOJUMBbIE TMOHSTHSA W YTBEP:KIEHHSA, KOTOpPbIe OVIYT HC-
110J1b30BaThCs B JIOKa3areabcTBe TeopeMbl [Ilennona.

3.2 (CsoiicTBa HTpONNNI

Paccmorpum GeprysmmeBckuii ncrounuk A: Oyksul BxogHoro ajadasuta a;,i = 1,...,k
MOSABJIIOTCSA HE3aBUCUMO C HE3aBUCUMBIMU BEPOITHOCTAMHU P;, V/IOBJIETBOPSIONIUME yCJIO-

BHIO .
Z pi=1.
i=1

urponusa H(A) ucrounnka A no [[leHHOHY ONpeIeSIeTCsI CIeLYIOMUM 06pa3oM:

k
H(A) = - Zpi log p;.
i=1

B onpenesennoii Boime surponnu H(x) mmeem aBa HCXOa C BEPOATHOCTIAMU P U 1 — p
COOTBETCTBEHHO.
PacemorpuM HECKOJIBKO CBOUCTB SHTPOIIUH.

VYrBepxkaeuune 8. Cnpasedauso H(A) > 0. Dumponus neompuyamesvha u pasHa
HYA10 Mo20a U MoAbKO Mo2da, K020a 00Ha U3 6EPOAMHOCTET PABHA EOUHUYUE, 04 OCTNANOHBLE
PABHBL HYAIO.

Hokazareascrso. Jleiicraurensno, n3 0 < p; < 1, mveem o= > 1u log - > 0, . e.
—logp; > 0, orcioma —p;logp; > 0. [lockoabky, mo ompengenennto, —p; logp; = 0 mpu
p; = 0, To mus moboro p; > 0 BeimosHgeTcss —p; log p; > 0 u, ciaemoBaTeabHO,

k
H(A) = —sz' logp; > 0.

i=1

ITpu H(A) = 0 kax10€ ciaraemMoe paBHO HYJIIO, a 3HaunT 6o p; = 0, 6o log p; = 0,
1. e. p; = 1. Tak kak Zlep,» = 1, To cpesu BepOATHOCTEN p; MPUHATH 3HAUeHNE 1 MOXKeT
JIMIITH OJIHA, OCTAJIbHbIE PaBHBI HYJ/II0. TakuM 0Opa3oM, HEOIPe e eHHOCTh COOBITUS PaB-
Ha HYJIO TOTJAa W TOJHKO TOTJA, KOTJA MCXOJ COOBITHS 3apaHee M3BECTEH, B OCTAJIHHBIX
CIydadgx SHTPONUS MOTOKUTETbHA. A

PaccMOTpUM IPOU3BOJILHYIO HENPEPHIBHYIO BBIMYKJIYIO0 BBepx dyuknuio f(z), 3a1an-
HYIO Ha MOJIOKUTENbHON mojyocu. JIjas NpOWM3BOJIBHBIX —MOJIOKHUTEIbHBIX — duces [,



3.2. CpoiicTBa sHTpOITHH 33

. k
i=1,...,k raknx, 9ro ) ., f; = 1 0 M00BIX 1, ...,T) U3 yIACTKA BBIMYKJIOCTH (DYHK-
mun f(x) BuimosHsieTcs Hepasencmeo Uerncena

k k

S Bife) < (DB |,

i=1 =1
IpuYeM paBE€HCTBO UMEET MECTO TOI/Ia U TOJIBKO TOI/JJa, KOTJda

r1 = ... = Tk.

VYreepxkaeuue 9. /s ucmounuka A, onpedesennozo eviwe, cnpasedauso H(A) <
log k.

HoxkazareabcTBo. Pacemorpum dyuknuio f(x) = logz. Ona BbIYyK/Ia BBEPX NpH
xz > 0, HOCKOﬂbe ee BTOpas IPOU3BO/HAA MEHbIIE HYJIS. [Tonmoxum (; = p;. Torma c
yaerom S+ p; = 1 u Hepasencrsa lencena mveenm

k k k
1 1
= - pilogp; =) p;log <};> < log sz; — log k.
i=1 i=1 ¢ i=1 !

YrBepxkaerue 10. /lii npou3eosvhul qy, . .., qx maxuz, vmo q¢; > 0 u Zle g =1

CNPABGEANUBO
k k
- sz‘ loggq; > — Zpi log pi,
i=1 i=1

npuUseMm paseHcmeo doCmuzaemes moavko npu ¢; = p; (Makxum 06pa3om 3Haverue IHMpPo-
k
nuu munumusupyem gynkyuro f(qi, ..., @) = — >, Pilogq;).

HokazaTeabcTBo. PaccmorpuM j10Ka3aTe/ ibCTBO 3TOTO CBOMCTBA B C/Iydae, KOrJa BCe
pi mooKuTeIbHbL (pu p; = 0 115 HEKOTOporo ¢ = 1, ..., k, T0Ka3aTeJbCTBO AHAJOIHIHO
¢ HekoTopbiMu Mojudukanusvu). Bocrnonab3yemes: HepaBencrBoM Vencena tnpu f3; = p;,

x;=qi/pi,i=1,..., k nna dyukuun f(x) = logx:

k k k
Zpilogﬁglog Zzplw2 = log Zqi =logl=0.
i=1 pi =1 D i=1

Orcrona umeeM

k k
Zpi log q; — Zpi log p; <0,
i—1 i—1

OTKyJa BhITeKaeT Tpebyemoe. Hepasencrso lencena nepexoiuT B paBeHCTBO TOJILKO TO-
rjga, KOrjia 4 = ... = &j WIA B HAIIeM CJydae Opu ¢i/p1 = ... = qr/Pk, T. €. KOIJa
BEKTOPHI (q1,...,qx) U (P1,- .., Px) IPOMOPIUOHAIBHBI U, CJIEJOBATETHHO, B CUITY

k k
ZQi = Zpi =1
=1 i=1

umeeM ¢; = p;. A
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Yreepxkaenue 11. /as aobvur cayuatinme onvimos A u B cnpasedauso
H(AB) < H(A) + H(B),

npuMem pasercmeo docmuzaemcsa moavko kozda onvimu, A u B wesasucumw. Jas bep-
HYAAUEBCKUT UCTNOYHUKOE CNPABEJAUBO

H(AN) = N - H(A)

ors 06020 Hamypasvrozo N .

B npanbueiiniem Hac OyaerT MHTEpecoBaTh Cjydail COOBITHI € JIByMsl WCXOJaMU, TO-
CKOJIbKY OCHOBHAs MOJIeJIb U3y9aeMOT0 HAMU KaHAJa CBA3U — JIBOMYHBINA CHMMETDPUIHBII
kanas. B aroii curyamun umeem dyuknuo H(x) ogaoro aprymenta. B cuiny yTBepK ieHus
8, ona pasna HyJito npu £ = 0 u x = 1, coryiacno yrBepxkjenus 9, jocTuraeT MakCUMyMa,
paBHOIO ejuuuIe, B Touke © = 1/2. Kpome Toro, jijist Hee BBINOJHIETCS COOTHOIIEHUE

T(x) = H(1 - a),

ciefioBaresibio, (ynkius H(xr) cuMMerpudHa OTHOCHTEIHHO mpaMmoil © = 1/2, cM. ee
rpacduk Ha puc. 4.

Puc. 4: I'padux byuxnun H(x)

3.3 Heobxoammble KOMOMHATOPHO-BEPOATHOCTHBIE YTBEP-
K JIeHUS

1. HepaBencrBo YeobsnimieBa. [Ipu nepepaun nadopmaium mo IBOUIHOMY CHEMMETPHU-
HOMY KaHAJY CBSI3U YHCJO OIMHMOOK B TOJTYUEHHOM CJIOBE SIBJISIETCS OEpPHYLITHEBCKOMH CITy-
JaiiHOW BesmuuHON T, npuHuMaronieit 3uadenus 0,1,...,n, MaremMaTudeckKkoe OXKuJIaHUE
E(7) koropoii paBuo np, a aucnepcuss D(7) pasua np(l — p). Ecan B kom0BOM CJioBe
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x = (r1,...,T,) IPOU30NLIO t OMHUOOK, TO, B CHUJIy TOIO YTO UMEEM OUHOMUAALHOE PAC-
npedenenue, BEpOITHOCTD IOJIYYUTh BEKTOP OMIMOOK € Beca ¢ paBHa

Ple=v,w(v) =1t)=p"(1 —p)" 7,
T. €. 3aBUCHAT TOJILKO OT 1, t U P.

Teopema 12 (HepaBencrBo YebsnimieBa). Fcau £ — cayuwatinas eauduna ¢ ma-
memamuseckum oncudarnuem E(E) u ducnepcueti D(E), moeda das awbozo € > 0 cnpased-

AUBGO
D(¢)
J— 62 *

PYIE—E(§)] = ¢}

Bribepem npousBosibHoe € > 0. g ciaydaitnoit Beaudunsl 7 0603HaUuM 4depe3 b cire-

JIVIOTIYI0 BEJTUINHY:
(D7) 1/2
-\ g/2 '
Torma, ncnoyib3yst HepaBeHCTBO HeObITIeBa, MOTyYaeM

P{lr— ()| > 0} < 20)

OTkyma ciemyer
P{r>p} <

_— (np(gl/; p)>1/2] .

HepasencrBo (3.2) o3HAYaeT, 4TO BEPOSITHOCTH TOTO, YTO B PE3yJIbTaTe MPOU3OIIEININX B
KaHaJe 7 OIIMOOK IOJYyYeHHOe Ha MPHEeMHOM KOHIIE CJIOBO Y HAXOIHUTCS OT MepeIaHHOTO
KOJIOBOI'O CJIOBA X Ha PAcCTosiHme OoJibliee, 4em p, Maja (He npesblnaer €/2).

Badukcupyem € > 0, Torga Jid JOCTATOIHO OOJIBIINX 1 BEJUINHA O HE ITPEBOCXOIUT
n/2, MocKOIbKY p < 1/2.

(3.2)

wlm

rae

p=[6() +1] =

I1. O6beMm mapa paauyca [pn]. Paccmorpum mmap paauyca [pn] ¢ meHTpoOM B HEKOTOPOi
BepinHe r € E™:

Bipn)(z) = {y | d(z,y) < [pn]}.

Omennm ero oobeM
[pn]
| By (@) =Y
i=0
¢ omomipio dyakuun surpormu H(p).

Jlemma 2 [Tycmov 0 < p < % Toz0a cnpasedaiusa ouerra

[pn]

Z Cz znﬂ—f(p
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okazareancTBo. Mmeem

[pn] [pn]

L=(p+(=p)" =3 Cp'(l=p)"" =3 Cp™(1—p)" " =

1=0

[pn] [pn]
= Z C;L'LQIOg(lfp)n(ﬁ)P" _ Z CZinog(lfp)ernlog(ﬁ) _

=0 i=0

[pn] [pn]
— Z i gn(plogp+(1-p)log(1-p)) — o—n3(p) Z .
=0 i=0
[pn]
Otciona Y CF < 2mH@),

=0
A

III. O6bem mapa paguyca p = [£(7)+b]. Ouennm o6bem mapa pajguyca p = [E(T)+ 0]
C IIEHTPOM B HEKOTOPOii BepImHe, UCHoyb3ys GyHkimo saTporun H(p).

. D)\ /2
Jlemma 3 Ilycmo 0 <p < 5 up=[E(T)+b], ede b= ( =2 ) . Tozda

1 1
Zlog |B,(z)] < H(p) — o(_> _
~log|B(2)| < H(p) ) e = o0
HokazareancTBo. [lo jjemme 2 nmeem
1
—log |B,(x)| < J—C(B) = —Blogﬁ — (1 — B) log (1 — B) =
n n n n n

n

_ [np + 0] log
n

[np+0] (1_ [np+b]>log (1_ [np+b}> _

= —plogp — (1 —p)log(1l —p) — 0(%) = H(p) — 0(%) TpH 17— 00,

qTO JOKA3BIBAET JIEMMY. A

3.4 Teopema lllenHoHa g KOJAUPOBAHUA B JBOUYHOM
CUMMETPUIHOM KaHaJie CBA31 C HNIyMOM

Beenem dbyukmuo f(y, x). Ilycrs 2,y € E™, Torga

_ [0, ecmm d(z,y) > p,
fy,z) = { 1, ecmu d(z,y) < p.

Oyukuus f(y,r) — xapakrepuctudeckas OYyHKIUs TPUHATIEKHOCTH BEKTOPA Y APy €
IIEHTPOM B BepIUHE T, T. €.

0, ecmny & B,(x),
1, ecimy € By(x).

f(y,x)z{
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HokazarenbcTtBo Teopemsbl Illennona. BribepeM cKo/b yroJHO MAIYIO BEJTUUIHHY
e > 0. PacemorpuM ciydaifHbiil JBOMYHBINA KO/ JJIMHBI 1 MomHoctd M, T. e. BbIOepem
cyYaifHBIM 06pa30oM KooBbIe cioBa x', ..., ™. JlekomupyeM mosydeHHBII BEKTOD ¥ CJre-
IVIOIUIM 00Pa30M: eCJIU CYIIeCTBYeT B TOYHOCTH OTHO KOJOBOE CJIOBO X' TAKOe, UTO

d(z',y) < p,

TO Y JIGKOJMPYEM B ', B IPOTUBHOM CJIy4dae PErUCTPUPYEM OINTUOKY WJIU, €CJIU JOJIZKHBI
IIPOM3BECTH JIEKOJAMPOBAHIe B JII0OOM CIyuae, BCeryia IeKoaupyeM B xl.

[IycTh P;, Kak u BBIIIIEe, BEPOSITHOCTH TOTO, YTO HA BBIXOJE JIEKO/Iepa IOJIYIeHO CJIOBO,
OTJIMYHOE OT nepegaanHoro cjioBa x'. s P; umeem ¢jieyIoniyio OeHKY CBEPXY:

P, < Z y|96 (y7xz> + Zf(yer)] =

yeE™ J#i
=Y Pyl (1= fly, ")+ > > Plyla') f(y,27), (33)
yeE™ yeE™ j#i

szech soipazenne [1— f(y,z') + > f(y,27)] pasno Hymo TOra U TOJIBKO TOLAA, KOLIA
J#i ‘ ‘
HajijleTcs eJIMHCTBeHHOe KO0Boe ¢1oBo o' Takoe, uTo d(z',y) < p, B IPOTHBHOM CJIydae

(1= fly, )+ fly.a))] > 1.
J#i

[TepBast cymma B HepaBencTse (3.3) paBHa BEPOSTHOCTH TOrO, 9TO MOJIyYEHHOE Ha
IPHEMHOM KOHIIE CJIOBO HAXOIUTCH HA PACCTOAHHU OOJIBIIEM p OT IIepeJaHHOro KOJOBOIO
cioBa z. CormacHo HepaBeHCTBY (3.2), oHO He mpeBbimaer £/2. Takum o6pazom,

Pr < = +—ZZZPy|x Vf(y, 27).

i=1 yeE™ j#i

OcHoBHas uest JAJbHERIIEro J0Ka3aTeAbCTBa COCTOUT B TOM, 9TO BEJIUYHHA

P*(M,n,p) := min{Fc}
Cel

MEHbBIIe, YeM OKHIAeMOe 3HAYEHUe, T. €. MEHbIIe MAaTeMaTUIeCKOro oxujanus Po Ha
ancambyiem L Bcex BO3MOXKHBIX KOMOB C' JyIHBI N, MOIMHOCTH M, B3SATBHIX CJIyYaiiHO.
OTrcroma nmeeM

M

T
X
?
=
A
N ™
_|_
=) =
M=
]
M
on
=
<
s
S
)
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€ | B,| R iy
:5+M.2n22f<zp<y'“> -

=1 j=1,j# yeEn
e By -M-(M—1) ¢ | B, |
=- < -+ M—=L.
2 + M -2 -2 + 2n
Takum obpasom, P*(M,n,p) — 5 < M - zin - |B,|. Jlorapudmupyst 0be uacru, npumMeHsisi

ST

JIeMMY 3 | Jlesid Ha n, [IoJydae

Honcrasnss M = M, = 2" g npasyo gacrs (BCIIOMHMM, 9TO 110 YCJOBHIO 9UCIO R
CKOJIb YyroaHo 6u3K0 K mpormyckuoil ciocobroctn C'(p) = 1 — H(p)), noayvaem

1 €
Zlog(P*(M _Z
- og(P*(M,n,p) 5

) < _5 < 07
rie (3 — xoucranta, pasHag C(p) — R. Orcioma P*(M,n,p) < 5 + 27" Haumuad ¢ HeKo-

TOPOro 1 GyerT BBIIOAHSATHCH 2770 < 5, u, cregosarensno, P*(M,n,p) < e. Takum
obpazom,

P*(M,,n,p) — 0 npu n — oc.

TeopeMma mokazana.



I'1aBa 4

CBUTUYMHIOBBIE METO/Ibl IIOCTPOEHUS
KOJIOB

4.1 Koapl BacuabeBa

B 1959 r. I. C. lanupo n /. C. 3/JI0THUK IPeIIOI0KUIN, YTO HE CYIIECTBYET COBEp-
IEHHBIX KOJIOB, HESKBUBAJIEHTHBIX Koy Xammuura. B 1962 r. FO. JI. Bacuibes onmposepr
9Ty TUIOTE3Y, MPEe/TOKUB OOTATHIN KJ1acC HEAKBUBAJIEHTHBIX COBEPIIEHHBIX JTBOMIHBIX KO-
J0B. PaCCMOTpI/IM 9TOT HTepaTHBHbIﬁ CHOCO6 1ocrpoeHud Jjid KOJAO0B C IIPOU3BOJIbHBIMU
KOJZOBBIMH PAaCCTOAHUAMMU. Bepﬂ B Ka4eCTBE MCXOJHBIX KOJ0B KOIbI CO CHeHH(queCKHMH
nHapaMeTpaMi, MO?KHO MMOJIYIUTH TaKWe XOPOoIlTne KOAbI, KaK COBEPIICHHBIE NJIN KOIbI PH,}I&
— MauJnepa.

PaccmorpuMm mpousBosbHBIE ABOMYHBIE KObl B 1 C' JIHHBL N ¢ KOJOBBIMU PACCTOsI-
HugAMHI d; ¥ dy COOTBETCTBEHHO, Tje dy HevueTHO. IlycThb A — nmpousBosibHag byHKIuA U3
koma C' B muOKecTBO {0, 1}, || =21 + ... + 2,(mod 2), te © = (x4, ..., x,).

Teopema 13 Mmnoowcecmeso
C* = {(z +y.|z| + Ay),z) | = € B,y € C} (4.1)

Aasagemces 060uunviM K00om daurs, 2n + 1, mowrocmu |B| - |C| ¢ kodoswim paccmosnruem
d >min{2d;, + 1,ds}.

HokazarenbcTBo. [IpoBepuM mapamerpsl MOCTPOEHHOTO KOJA, & UMEHHO €ro JIJINHY,
MOIITHOCTDb KOJIa ¥ KOJIOBOE PACCTOSHUE.

1. Jlerko BumeTn, 9To 2n + 1 apagerca AIUHOR Ko/a.

2. [TockoJsibKy @ 1 y He3aBUCUMO 1poderator MHOKecTBa B 1 C' cOOTBETCTBEHHO, MOIII-
HocTh Koga C?"F ouesmmno, paBna

[c* = 1B]-|C].

3. ITpoBepuM, 9T0 KOJ0BOE paccrosiaue paBuo d > min{2d; + 1, ds}. Pacemorpum asa
MPOM3BOJIBHBIX PA3TUUHBIX KOJOBBIX CIOBA:

u=(z+y,lz]+ Ay), ),

v = (‘T/ + y/> |$,| + /\(y/)’ m/>'

39
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Bosmoxknbl cirydan.
3a. Ecmu y = ¢/ w x # 2/, 10, ¢ yuerom Toro uro d(z,z') > dy u dy HeueTHO, HOTyYaeM

d(u,v) = d((z, |z], z), (2, ||, 2")) > 2d; + 1.

3b. Ilyers y # 4 m x = 2’. Bexktops! v,y upunagzexkar xkoay C™, clegoBaTeIbHO
d(y,y") > dy n nmomyuaem
d(uv ’U) Z d(y7 yl) Z d2-

3c. Ecm y # 3/ w x # 2/, T0, aHAIOTHYIHO JOKA3ATEIbCTBY KOJIOBOTO PACCTOSHUS B
teopeme [Tnorkuua (cM. Teopemy 9), ucnosb3ys npejjioxKenue 4, moaydaem

d(u,v) > d(z,2") +d(x +y,2" +¢) =

=w(x—2)twxt+y—a —y)=
=w(x —a) +w(ly—y)+(x—2)) =
>w(x—2)+wly—y)—wx—2")=wly—1vy) > d.

Teopema mokazana. A

PaCCMOTpI/IM npuMeEeHeHunue ITOM KOHCTPYKIUU JIJId IMOCTPOEHUA COBEPIIECHHBIX JIBOWY-
HBIX KOJOB.

Teopema 14 (Bacuases FO. JI., 1962).  IIycmo C"VD/2 - npouseonvruiii deo-
unnwl cosepuwernvild xK0d daunw (n —1)/2 = 2" —1,m > 2, ¢ kodosv.m paccmosruem 3
u A — npoussosvras Gynruus us voda C V2 ¢ mnoscecmso {0,1}. Muoocecmeo

V= {(z+y,|z|+ Ny),x) : 2 € E@V2 4y e cn/2y (4.2)

ABNACNCA COBEPULEHHDIM OBOUYHBLM KOODOM OAUHDL T ¢ KODOBHLM PACCMOAHUEM 3.

JlokazaTesibcTBO 9TOM TeOpeMbl AHAJOMMYHO JT0Ka3aTeIbeTBY mpeabayeii. Kox (4.2)
OyseM Jajiee Ha3bIBaTh kodom Bacuavesa. IIpuBesem HECKOIBKO BazKHBIX CJIEJICTBUIA, BbI-
TEKAIOINUX U3 9TON TEOpPEMBI.

CaenctBue 2. [Ipu A\ = 0 koncmpyxuyusa Bacuavesa, npumernennas x xody Xommum-
ea H™ /2 gpuren (n — 1)/2, daem k00 Xommuriza druno, n.:

H' = {(z+y,|z],2) 2 € B V2 yeHD2Y

Caenctue 3. Ecau A\y) + Ay) # My +v') 0aa nexomopwx v,y € C™D/2 mo
%Od BaCUJLbesa d/LUH?)L N ABAACMCA HEAUHETUHDBIM,.

[TockonbKy (bYHKIUSA A IPOM3BOJILHA, TO, IPUHUMAA BO BHUMAHUE HPEBILYIINE HTE-
pATHBHBIE TIATH, T. €. TOJCTaBAsa B (hopMmyiy (4.2) cHOBa TpOU3BOILHBII Ko Bacuibesa
bl (n—1)/2; 11 nocTpoeHns KOTOPOro UCIOIb30BaH MPOU3BOJIbHBIN KO Bacuibesa
Jguabbl (1 — 3)/4 u 1. 1., HoJydaeM CJIejyrolee yTBEPKICHUE.
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CaencrBue 4. Yucao D, passuunvix kodos Bacuavesa daunv, n ydosaemeopsem
caedyroweti HuncHet ouenke

nT'Hflog(anl) 22%*@%(”4’1) 22%%*1‘33("“"1)

D, > 22
das docmamouro 6oabuuT n.

3Has HUZKHIOIO ONEHKY YHCJIa PA3TMIHBIX KOJOB JIJIMHBI 1, JIETKO BBIYHCIATH HUKHIOKO
OTIEHKY YHCJIa HEIKBUBAJIEHTHHIX KOJOB C TeMH Ke TapameTpamu. /s 3Toro qoctaToano
PA3/IeJIUTh YHUCJI0 PA3JUYHBIX KOJOB HA YUCJIO PA3JIUIHBIX aBTOMOpdu3MoB E™, paBHOe
2" - nl, 3aech 2" — 94KUCI0 pa3JIMYHBIX CJABUIOB Ha BeKTOpbl U3 K" u n! — yucio paszimd-
HBIX TIOJICTAHOBOK Ha 1 KoopjuHartax. HeTpyjaHo u3 cjejcTBus 4 MOJYUYUTDH CJEyIOIee
YTBEPKICHUE.

CaenctBue 5. Jlasa wucaa N, neaxsusasenmmwvx k0dos Bacuavesa daumnve n cnpa-
6e0AUB0
nT-'—lflog('rH»l) 22nT+5710g(n+1)

N, > 2°
npu 0ocmam0%H0 60/waux n.

D1a oneHka 10 1996 r. ocraBasach Jiydineil HuzKHel OHEeHKOM YhC/Ia HEIKBUBAJIEHTHBIX
COBEPIIEHHbBIX KOJ/IOB, HECMOTPSI HA MHOTOYMCJIEHHBIE YCUJINS MHOTHUX HCCJIe/I0BATE .

st n = 7 cyliecTByeT eJIMHCTBEHHBIN, C TOYHOCTHIO /10 SKBUBAJEHTHOCTH, COBEPIITEH-
HBIM KOJ JTMHBI 7 — KOA X3MMHOHTA, 14 N = 15 cymectByer 11 HeIKBUBaJEHTHBIX
KonoB BacuabeBa mmubl 15, g n = 15 4uc/Iio HEIKBUBAJIEHTHBIX COBEPIIEHHLIX IBOY-
HBIX KOJOB bl 15, cornacuo kiaaccudukanuu P. Jx. Ocreprapga u O. Ilorronena,
nosydennoit B 2009 r., pasuo 5983. /Insg n = 16 Te ke aBTOpbHI MOKa3aJ/u, YTO UYUCJIO
HEeIKBUBAJEHTHBIX PACIIMPEHHBIX COBEPIIEHHBIX JBOYHBIX KOJOB JJWHBI 16 paBHO 2165.
O0630pBI PE3yJIBTATOB MO COBEPIIEHHBIM KOJAM MOIYT ObITh HaiileHsl B paborax [14, 20].

Yupaxkuenune 19. Jlokazarhb ciejcrpue 4.

VYupaxxuenue 20. /lokazars cieactsue H, ucmnoib3yst popmyay Crupsmnra

n"e "V2nr < nl < emntel ™"/ 0. (4.3)

4.2 KoHcrpykima Moiiapa

PacemoTrpum konceTpyknnio Mosutapa s aBonaabx ko108, [yers Pt u C™ — npon3Bosin-
Hbl€ JIBOMYHBIE KOJIbI JITUH ¢ M 77 COOTBETCTBEHHO C KOJIOBBIMHU DPACCTOAHHSIMHU HE MeEHee
3, comepzKalye HyJ1eBble BeKTOPHI. [[ycTh

tm
$=($11,$12,---7$1m;$21; "-7x2m7‘-'7xt17‘Huxtm)e E™.

B sToM paszgene GyaeM HCIOIb30BATh CIELYIONIYI0 MATPUUHYIO 3allUCh JIJIS BEKTOpa  I:
i-g1 cTpOKa MaTpunbl X paBHA Tj] Tig ... Tip, Tae i = 1, ..., t. Oyukuun pi(x) u po(z),
Onpe/IeJIeHHbIE CIeLYIOMIM 00pa3oM:

pi(z) = (01,09,...,0¢) € E*, po(x) = (0},05,...,0.) € E™,

=3 2 L= 606
rae 0p =) g Tij U 05 =) ;4 Tij, HA3BIBAIOTCH 0000WEHNOLMU NPOGEPKAMU HA 4N~
nocmo. Ilycrs f — npoussosbHas pynkuus uz P s E™.
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Teopema 15 (Mosmap M., 1986). Mnoowcecmso
C" ={(z,y + p1(v),z + pa(x) + f(y)) | v € E™,y€ P z€ C"}

ABNACNCA 080UMHBIM KODOM Oaunbt 1 = tm + t + m ¢ Kodosvm paccmosanuem 3, codep-
AHCAULUM HYAEBOTE BEKMOD OAUHDL 1.

HokazaTeabcTBo. Jlerko mpopeputhb, aro Koja C™ umeer miuHy n = tm +t+m u
MOIITHOCTD

|G = [E™] - |P'| - |C™).
[Iyctn
u=(z,y+ pi(x), 2+ p2(2) + f(y)),
u'= (2" Y + pi(a), 2+ paf) + f())

— JIBa MPOM3BOJIBHBIX BeKTOpa u3 Koga C™. ITokaxkem, uro d(u,u’) > 3.

BO3MOXKHBI IpUBE/IeHHbIC HUKE CIyJaH.

1. Ipu = = 2’ umeem py(z) = p1(2'), pa(x) = po(2’) u, caenoBaresnbuo, upu y #
nMeeM

d(u,u') > d(y,y') > 3.

Ananoruuno nupu z # 2/, y = y. B cayuae y = ¢/, z = 2/ ybexkmaemcs, 910 HyJIEBOi
BeKTOp IpuHaexkuT xkoxy C™.

2. Ecmu d(x,2') = 1, To

d(p1(), pr(a")) = d(pa(), pa(2)) = 1.

[Tycts y # 3/, Torma
d(y + pi(z),y' + p(a’)) > 2

u umeem d(u,u’) > 3. Ilycrs y = 3/, Toraa
d(z + pa(z) + f(y), 2 + pa(a) + f(y) > 2

u caoBa umeem d(u,u’) > 3.
3. B cayuae d(x,z") = 2 paccrosguusg d(pi(x), p1(2')) u d(pa(z), p2(2’)) paBubt 0 wim 2,
HO OJIHOBPEMEHHO 06a He MOTYT GbITh paBHBI HY/TI0. OTCIO/a MOTyYaeM, 9TO PaBeHCTBA

y+ pi(x) =y + pi(a’),
2+ pox) + fly) =2+ p2(2) + f(v)
3,

He BBITIOJHAIOTCS OJHOBPEMEHHO U, CaeoBaTeabro, d(u,u’) >

3amMeuaHud

1. B cayuae, korna P u C™ — npousBosibHbIe COBepIIeHHbIe BOUYHbIC KOIbl JJINH
t=2"—1unm = 2° — 1 coorBercTBerHo, Ko C" SBISETCS COBEPIIEHHBIM JIBOMYHBIM
KOJTOM.

2. [Ipum =1,t = 2" — 1 xoucTpyknusa Mostapa coBmajaeTr ¢ KOHCTpyKmueit Bacu-
JIbeBa.

3. CymiecTByroT coBepineHHubie KoAbl MoJiiapa, He9KBUBAJIEHTHBIE COBEPIIEHHBIM KO-
gaM Bacuibesa.
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4.3 Oo01ag ngea MeToga CBUTUYMHTA

OcHoBHAs Ues METOJa CBUTYMHIA COCTOUT B CAEAYIONIEM: B IIPOU3BOJIHLHOM JIBOMYHOM
koJie C' JIJIMHBL 1 PACCMOTPUM HEKOTOPOE MOJAMHO)KeCTBO M KO10BbIX cJ10B. Ec/in Haiijiercs
B E" nogmuoxkecrso M', orimanoe ot muoxecrsa M, u muoxecrso C' = (C'\ M) U M’
ABJISETCS JIBOMIHBIM KOJOM C IapaMeTpaMH, COBIQJAIOMUMEU ¢ IapaMerpamu Koga C,
T0 Oyzmem rooputhb, uro Kojx C' monyden u3 koma C' ceumuunzom MuoxkecrBa M mHa
MHOKeCTBO M'. Pe3ynbTupyomuii Kog OT/InYeH W HeSKBUBAJTCHTEH HCXOIHOMY.

V100HO paccMoTpeTh OOIYIO MJIeI0 METO/[a CBUTYMHIA HA HPUMEPE COBEPIIEHHBIX KO-
noB. I[Tycrs gano moamuoxkecrso M B npocrpancrse E™. Muoxkecrso M’ mosyveno us
MHOKecTBa M MHBEPTHPOBAHMEM G-I KOODAMHATHI (3aMeHOIl HyJIsl HAa eUHUIYY W HA000-
por), i € N ={1,2, ..., n}, Bcex cioB M. O6o3uaunm ero M' = M + i. MuoxkecrBo M
HazbIBaeTCs i-komnonenmoti koga C, eciu K (M) = K(M +1), tne K (M) — 0KpecTHOCTD
nopsijika 1 muoxkecrsa M, 1. e. 0ObejiuHEHHE BCeX MIAPOB pajuyca 1 ¢ HeHTpamMu B MHO-
xecree M. Jlerko Bugersb, uro kog C' = (C'\ M)U (M +1i) TakKe siBASIETCS COBEPIIEHHBIM
kozoM. Bynem rosoputs, uro kox C’ momyuen u3 koma C' ceumuunzom i-kommonenTur M,
CM. pHC. d.

Puc. 5: CBUTUYHHT 1-KOMIIOHEHTBI

Paccmorpum ocHOBHYIO U/1€10 OJHOIO 0OJiee OOIIEero CBUTYMHIOBOIO 110/IX0/1a MOCTPOEHUS
KOJIOB (TaKyKe Ha MpUMepe COBEPITEHHBIX KOJOB), HA3BIBAEMOIO METOIOM (-KOMNOHEHM.
[Iycts a« € N. MuoxkectBo M HazoBeMm a-rxomnonenmot Koga C, ecqn Ay BeeX © € «
MHOXKecTBO M  gBisgerca B cBOW odepennb i-KommonenToil C. CHadvana s KazxKIoi
Q-KOMIIOHEHTBI BBIOMPAEM CBO€ HAIIPABJICHUE ¢ W3 MHOXKECTBA HAIPABJICHHI (v 1 3aMeHsI-
eM (zesraem "cBuTYMHT") IPOU3BOJILHOE YUCJIO (-KOMIIOHEHT B KaK/I0f (-KOMIIOHEHTE Ha
HOBBIE {-KOMITOHEHTHI TAaKOil K& MOIIHOCTH, 3aTeM TPOU3BOINM 3aMeHY TOJIYYeHHBIX HO-
BBIX (-KOMIIOHEHT Ha JPyI'ue (-KOMIIOHEHTBI, Jiejiasd CBUTYMHIH 110 HEHCIIOIb30BaHHBIM U3
MHOKECTBa (v HAIIpABJICHUAM. B uTore pe3yIbTHPYIONIUI KO OCTAETCS MO-TIPeKHEMY CO-
BepIIeHHBIM, HO OTJIMYHBIM HJIH JIayKe HeAKBUBAJTEHTHBIM HCXOTHOMY. MeToI a-KOMIIOHEHT
0Ka3aJ/ICsl OCODEHHO TOXO/IANUM B IIPUMEHEHUH €T0 K KOy XIMMUHIA, TOCKOJIBKY M03BO-
JISIET, pa3pyIias TPYHIOBYI0 CTPYKTYPY KO/a XIMMUHTA, TEM HE MEHee CJIeIUTh 33 CTPYK-
TYpOil HEJTMHEHHOI'O COBEPIIEHHOTO KOJA, MOJIy9aeMOro BCJAEJICTBUU CEPUU CBUTYUHIOB.
BuepBble CBUTYMHIOBBINH CIOCOO MOCTpOeHUsl KOA0B ObLT mpesnoxken FO. JI. Bacu-
JTbeBbIM. MOXKHO MOKa3aTh, YTO KOHCTpYKIusA MoJitapa TakzKe SBJISeTCA CBUTUYUHTOBOI
koucrpyknueit. B 1996 r. C. B. AsrycrunoBuuem u @. N. CosioBbeBoil ObLI 11pe 1/102KeH
€1oco0 TOCTPOEHMST COBEPIMTEHHBIX JBOMYHBIX KOJOB TTOCPEJICTBOM METO0/Ia (-KOMIIOHEHT
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(MpUMeHEeHHOTO K KOy X9MMUHTA), KOTOPHIil mocste 30-7eTHero mepephbiBa, JIaJ mepBoe Cy-
IIECTBEHHOE YJIyUIleHne HUKHell OIeHKH YHC/Ia HeSKBHBAJEHTHBIX COBEPIIEHHBIX KOJIOB.
C moMOIIBbIO ATOTO MOAXOAa OBLIA pelleHa cepus MpobJieM, Kacaroluxcs CTPYKTYPhI CO-
BepIIEeHHbIX KOJOB: HAIIPUMep, OOHAPYZKEHbI COBEPIIEHHbIE KOJIbl C TPUBUAJILHOM I'PyLIIOH
aBTOMOP(U3MOB, I0KA3aHO CYIIECTBOBAHNE HECUCTEMATUIECKUX COBEPIMTEHHBIX KO/IOB, KO-
o mostHoro panra. @. V. CosioBbeBoil T0Ka3aHO CYNIECTBOBAHUE COBEPITEHHBIX JTBOWY-
HBIX KOJIOB C {-KOMIIOHEHTAMHU PA3IUIHON MOIIHOCTH U CTPYKTYPBI. MeTo1 a-KOMIIOHEHT
MOJIYUnJ JajbHeiinee pasputue B paborax C. A. Mamoruna, /I. C. Kporosa, C. B. As-
rycrunoBrda (cMm. moapoduee [14]).

4.4 HekoTopble CBOIICTBA COBEPHIEHHBIX KOJI0B

4.4.1 /IucTaHnmoHHAs WHBAPUAHTHOCTH

Ko JyinHbl 1 HA3BIBAETCS QUCTNAHYUOHHO UHBAPUAHMHbLM, eCTH duciao A;(n) Beex Komo-
BBIX CJIOB HA PACCTOSHUM 7 OT (PUKCHPOBAHHOTO KOJOBOI'O CJIOBA HE 3aBUCHUT OT BHIOODA
9TOTO KOJIOBOTO CJIOBA.

B 1957 r. C. I1. JLnoiix u me3asucumo B 1959 1. I'. C. IMlanupo u . C. 310THUK 10Ka-
3aJ1M, 9TO IIPOU3BOIBLHBII COBEPIIEHHDIN JBOMYIHBIN KO/ SIBJII€TCS JUCTAHIIMOHHO HHBAPH-
aHTHBIM. B 3TOM 1 cemgyromem naparpadax TpUBEIeM C JT0KA3aTeTbCTBAMU HECKOJBKO
KPACHUBBIX T€OPEM O CBOIICTBAX COBEPIIEHHBIX KOJIOB C KOJIOBBIM PACCTOSHUEM 3, HPUHAJI-
nexkamnux [ C. [Mamupo u /1. C. 3ioTHEKY.

Teopema 16 (IITanupo I'. C., 3norauk . C., 1959). Ilycme C — npous-
6oavHbLl cosepuienmnbili dsounnvt K00 ¢ kodoswvim paccmoanuem 3. Hucao k006w cA06
na paccmoanuu k om dannozo xodosozo caosa x € C ne zasucum om 6wv00pa 2Mo20
k0006020 CA06G U 0N 6bL00PA K00a U 3G6UCUM MOALKO OM PACCMOANUA k.

JokazaTeabcTBO. be3 orpannyenus o0NHOCTU PACCMOTPUM KOJI, COjiepzKaliuil BeK-
Top x = 0", rme n — puHa koma C. ODO3HAYMM YHCI0 KOIOBBIX CJI0B HA PACCTOTHUI
k or komoBoro cioBa x 4epe3 Ag. [locrpoum cucremy JimHeiHBIX ypaBHeHWil s Ay,
k=0, ..., n. Bce uncia Aj oHO3HAYHO OY/IyT BBIUYUCJIEHBI U3 STOIl CHCTEMBI.

Paccmorpnm k-it cooit B} (Bce BekTophl Beca k) B KyOe E™. CoracHO CBOHCTBY IIOT-
HOil ynakoBauuoctn kojga C, Bce BeKTOPHI n3 E}' pa3o0bbIOTCS HA CJIeAyIONe TPU HOJI-
MHOZKeCTBa:

1) KomoBbIe coBa Beca k. VIX 9ucao B TOYHOCTH paBHO Ay;

2) BEKTODBI, KOTOpPBIE MPHHAJIEKAT cepaM, OKPYZKAINNM BCE KOJOBBIE CJIOBA U3
Ep |, umeerca (n — k + 1) - Ax_1 TaKuX BEKTOPOB;

3) BeKTODBI, IpuHaIezKalye chepam ¢ HEHTPAMU B KOJOBbIX CJIOBaX U3 Ejl |, nveerca
(k+1)- Agi1 TAaKUX BEKTOPOB.

OTcroga mosryqaeM CaegyIomyio CHCTeMY U3 1 + 1 JIuHedHBIX ypaBHeHni ¢ n + 1 mems-
BECTHBIMU:

A():l,Al:AQ:O,

n

p )= (k+ DA+ A+ (n—k+1)Ax_q,

k=23,...,n,
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37ech qucsia Ay ¢ OTPHIIATELHBIME HHIEKCAME TOJATAI0TCS DABHBIME HYJIO (CM. puc. 6).

Puc. 6: Unaroctparnmsa k Teopeme 16
Mcnonb3yst npon3BOAAILy o (hyHKIIUIO
Ag+ At + ...+ A",

MOXKHO HaiiTu Tounbiii Bug Ag, k= 0,1, ..., n, a UMEHHO:

Az = %ﬂ (( 27; ) + (—1)’%( (n —kl)/Q >> ;
Ao = n%rl <( 41 ) " (_1)k+1”< : _k:l)/2 )>

U TeM CaMbIM yOeJIUThCs, YTO CUCTEMa UMeeT eIMHCTBEHHOEe peIlleHue.
CxaapiBas MOCAeIHIE IBa PABEHCTBA, MOy IaeM

n + n
2k 2k+1 ) |EG[+|E5

Ak + Aoy = n+ 1 n+ 1

Y

YTO JaeT BO3MOZKHOCTDL CAeJIaTb Hpe)ﬁ];CTaBJIeHHbeI HHZKe BBIBO.

CaenctBue 6. [Ipoussosvhnill cosepuertvili 080uwHbLl K00 dAUHbL N ¢ KOJOBILM PaC-
cmosnuem 3, codeporcawuti Hyaeeoti 6eKMOpP, UMEEM PABHOMEPHOE PACNPEJENEHUE NO Na-

pam cocednux caoes By uw By k=0,..., (n—1)/2 xyba E", m. e.
(A + Agp1) /(| Ege| + | Egpia[) = 1/ (n + 1).

13 3T0it TeopeMbl BHITEKAIOT TaKyKe CJIeYIOIINe MoJIe3Hbie CBOCTRA.

CaencrBue 7. Jlra kastcdozo xodosozo caosa x € C, 2de C' — npousdsosvhuiii co-
gepuwerHblll 060UNHBLT KOO OAUHBL N € KOOOBHIM PACCMOsHUEM 3, AHMUNOOAALHIT eMmy

eexmop = + 1™ makowce npuradaescum rxody C.
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DTO CBONCTBO aHMUNOIAABHOCTIU OKA3ATIOCH YPE3BHIYAITHO BAYKHBIM JIJIST MCCIEI0BA-
HHSI MHOI'UX HETPHUBHAJIBHBLIX CBOMCTB COBEPIINEHHBIX JBOMYHBIX KOJIOB.

CaencrBue 8. Yucao %0dosuir cros eeca (n — 1)/2 npouseosvhozo cosepuieniozo
K00a daumnbL N, codeporcauie2o HYAeeotl 6eKMOp, PaGHO

= (o e )+ (230 )

4.4.2 O cyuiecTBOBaHUUW COBEPIIEHHBIX KOJ/IOB

31eCh PaCCMOTPUM HECKOJIBKO TEOPEM O CYIIECTBOBAHUU COBEPIIEHHBIX KOJOB. Jlokasa-
TeJLCTBO CJIeAYIONIeH 09eHb BaXKHO TeOpeMbl BeCbMa, HeTPUBUAJIBHO U MOXKeT ObITh Haii-
JeHo B kuure [1].

Teopema 17 O cymiecTBOBaHUM COBepIilieHHBIX K0oa0B (3unosBbes B. A., Jle-
ourseB B. K., TuerBaiinen A., 1972). Hempusuarvuuili cosepuenivili £00 nad aio-
6vim nonem Tanrya GF(q) doasicen umemn me oice camvie Napamempvi, 4mo u 00uH u3
k0dos Xommunza uau lonres, m. e.:

1) q-snaunwi (n = (¢™ —1)/(¢ — 1),¢"~™, 3)—xk00;
2) dsounnwuiii [23,12, 7)-x00d Tonen;
3) mpoununwd [11,6,5]3-k0d Toaea.

Oba koma T'osest e IMHCTBEHHBI ¢ TOYHOCTHIO 0 SKBUBAJIEHTHOCTH M CYIIECTBYET MHO-
IO HEIKBUBAJEHTHBIX COBEPITEHHBIX ¢-3HAYHBIX KOJOB, ¢ > 2, CM. TaK»Ke CJIeJICTBHE O,
10/l TPUBHAJILHBIM COBEPIIEHHBIM KOJIOM IIOHHMAIOTCS JIHOO KOJI, COCTOSIIUNA U3 OJHOTO
KOJIOBOTO CJIOBa, JIUGO U3 JBYX aHTHIOJATHHBIX (B ciydae, ecan n HederHo). B 1949 r.
M. ZK. . Toseit nocrpoun asonunsii coepmenusiii [23, 12, 7]—kop.

Teopema 18 (IITanupo I'. C., 3aorauk . C., 1959). Eduncmeentvmu cosep-
WEHHBLMU 0B0UYHBLMU KOOAMU € PACCMOAHUEM T ABAAIOMCA KOO ¢ NAPAMEMPAMU KOOa
Toses daunvt 23 v mpusuarvHvLl K00 dAunsL 7.

HokazareabcTBo. Ecim cymecTByeT cOBepIeHHBII ABOMIHBINA KO JJIUHBI 7, pas3-
MepHOCTH Kk ¢ KOJIOBBIM PACCTOSHUEM 7, TO

(1)) ()2
(D) () (1)

e r = n — k. YMHOKas Ha 6 1 mpeoOPA30BBIBasl JIEBYIO YaCTh MOC/AEIHETO PABEHCTBA,
TTOJIY YUM

u, cjaea0BaTeJ/IbHO,

(n* —n+6)(n+1)=3-2""

CrenoBaTenbHO, TEPBLIil UM BTOPOIl COMHOYXKUTEJH B JIEBOW YAaCTU TOTO PABEHCTBA Jle-
JIATCS HA 3.
Nwmerorest aBa corydast.
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1. TTyers 3|(n? — n + 6). Toraa
n+1=2 n>—n+6=232"""
U, 3HAYUT, BHINOJHICTCH

2 =1 - (2" 1) +6=232"

2% — 3.2l 4 8 =3. 2771, (4.4)

[Ipu [ = 3 umeem TpuBHaIbHBIN KOA AmuHEl 1 = 7. IlycTs [ > 3 u, ciegoBareabHo, n > 7.
113 pasencrsa (4.4) nmeem

23(22l—3 — 3. 2l—3 + 1) = 3. 2T—l+1‘

3/1ech nepBbIil COMHOXKHMTEJIb B JIEBOH YaCTH CPABHUM C HYJIEM 110 MOJYJIO 2, BTOPOi — ¢
eJIMHUIEH 110 TOMY 7K€ MOJLYJII0. AHAJIM3UPYS COMHOKHMTEIN TPABOH 9acTh, NPUXOJAUM K
3aksodennio, uro 2% = 2"~y ciaenosaresnsho, 7 — [+ 1 = 3. Orcrona

n?—n+6=323%

YTO MPOTHBOPEYUT TOMY, UTO N JIOJKHO OBITH IEJIBIM TUCIOM.
2. Ilycrn 3|(n + 1). B arom cayaae nmeem

n+1=32 n? —n+6=2"""1

OTKYy/1a
(3-28 =12 —(3-2" = 1)+ 6=2""*!

9-2% — 9.2l 4 8 = or-IH1
23(9 22173 —9. 2l73 + 1) — 2T*l+17
9. 221—3 —9. 2l—3 + 1= 27‘—l—2
9. 22l73 —9. 2l73 — 27‘7[72 —1.
Jl;1a paBeHcTBa J0JKHO BbIIOMHATHCA 2073 = 1. Orcroma | = 3 un+1 = 3-23 = 24,

NuapivMu cioBaMu, TOTydaeM BO3MOXKHOCTD JJIs CYIIECTBOBAHUSA KOJa JITUHBI 23 € KOJIO-
BBIM PACCTOSHHUEM 7, YTO 3aBeplIaeT JO0KA3aTeJTHCTBO TEOPEMEL. A

B cienyromnieit Teopeme 1moka3aHo HEKOHCTPYKTHUBHBIM METOJ/IOM, 9TO KOJUYECTBO CO-
BEPIIEHHBIX JBOMYHBIX KOJIOB C paccTosHueM 6osiee 4 KoHedHO. /loKa3aTe/1bCTBO T€OPEeMbI
SIBJISIETCSI CJIEJICTBHEM OJHOTO TUJIYOOKOTO Pe3y/bTaTa 3Ure/isd U3 TeOPUU TUCe.

Jlemma 4 (Buresn). Iycmo f(x) — mHo20uien, NPUHUMEIOUUT UEADE SHAYEHUA
npu UeAsT 3HA%eHUAT nepemennol . Ecau f(x) me asasemes cmenenwvio aunelinozo
MHO20YNEHA, YMHONCEHHOT HA KOHCTMAHITY, MO HAUOOALWUT NPocmoti deAUMEsdb YUCA
f(n) neozparuuenno sozpacmaem npu n — oo.

Teopema 19 (IITamupo I'. C., Buorauk . C., 1959). Koauuwecmeo cosepueniols
080UMHBLT k0008 dAUHbBL N ¢ K0D0BYLM paccmosanuem d > 5 KoHeuHo.
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HokazaTeabcTBO. YTOOHI JI0Ka3aTh TEOPEMY, MbI JIOJZKHBI yOEJIUTHCsI, YTO MHOTO-
wien f(x), onpeaesieHHBI Kak

f(x)=1+(f)+...+(f), (4.5)

He SIBJISIETCsI CTENMEeHbIO IMHEIHOrO MHOTOUJIeHa mpu ¢ > 2 (3/1eCh IpaBasi 9acTh PABEHCTBA
(4.5) sBJIsteTCSl YMCIOM BEKTOPOB B IIape paauyca t B x-MepHoM Kybe E%), tie d = 2t + 1
— KkozioBoe paccrosiiue. Torja, corsacHo Jiemmve 4, u3 pasercrsa (4.5) nosydaem, 4ro
qucso f(n) uMeer mpocToit MHOXKUTENb, GOIBIKMA JABYX OPU 7 JOCTATOYHO GOJIBIIOM H,
CIeIOBATEILHO, He MOYKET OBITH PABHBIM CTeNeHH ABOHKM u, 3HadnT, 2"/f(n) # 2F wn
JUIS KAKOro K, 9TO O03HAMAeT, 9TO I'PAHMIA XOMMHHIA He MOXKET ObITh JOCTUTHYTA U HE
CYIIECTBYET COBEPIIEHHOTO KOJA JJIMHBL 12 ¢ pacCTOgHueM d.
JlokaxkeMm TeopeMy OT MpoTuBHOTO. [IycTh

f(x) = a(b+ cx)’, (4.6)

re a,b, ¢ — HeKOTOpbie paruoHaibhble yucaa. Boraucanm f(0) U3 mocjeHero cooTHoIme-
HUS:

f(0) =1=ab,

T. e. f(x) MOXKHO TepenucaTh B BH/IE
flz)=(1+raz) (4.7)

rje 7 = ¢/b — panuoHaJbHOE YUCIO.
[Toxcrapass x = 1 B paBencTso (4.5) mosyvaem

-1 (1) -2

C apyroii cToponbl, u3 npejcrapienus (4.7) nmeem
)= (1+nr)

Taxum o6paszom, (1 + 7))t = 2, orkyma 1+ = V2  pamumonanbro. 910 HpPOTHBOpEUHe
JOKa3bIBaeT TeOpeMy. A

4.4.3 BepxHsasa oeHKaA YHNCJIa COBEPIIEHHBIX KO/0B

K coxanennro, nmeeTcsa TOJTBKO BepXHss OIEHKa YHUCJIa COBEPIIEHHBIX TBOUYHBIX KOJIOB,
O0/1M3Kasl K TPUBHAJIBHON, XOTS JIOKA3aTeJIHCTBO 9TOr0 (PakTa JIaaeKo OT TPUBHAILHOTO
W OCHOBAHO HA OJHOM BayKHOM CBOMCTBE COBEPIIEHHBIX JBOUYHBIX KOJIOB, K OMHUCAHUIO
KOTOPOTO IPUCTYIIUM.

JIemma 5 (Asrycrunosudu C. B., 1995). IIpoussosvhuidi cosepuieniniii de0u ol
K00 OAuHbL N ¢ KODOBLIM PaccmosHuem 3, codeparcausuti Hyseoti 6eKkmMop, 00HO3HAYHO
ONPEVENACNCA MHONCECTNEOM CEOUT K0006uT CA06 6eca (n — 1)/2.
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HoxkazarenbcTBo. Kak n npexe, 0003HAYNM BCe JTBOWYHBIE BEKTOPHI Beca k depe3
E}' u pacemorpum muOkectBo X = C'N E_, Bcex KojoBbIX ¢J0B Beca (n — 1)/2 B coBep-
2

menroM koze O, comepxkariem 07. [Ipexie Bcero, cieyer 3aMeTuTh, 9TO €CJIM U3BECTHO
MHOYKECTBO X, TO, COTJIACHO CJIEJICTBHIO 7, MHOYKECTBO X SIBJISIETCS MOIMHOKECTBOM KOJIA
C, rae 7 — MHO2KECTBO BCE€X aHTUIIOAAJIbHBIX CJIOB MHOXKECTBY CJIOB X.
[IycTh cymecTByeT 1m0 KpaitHeil Mepe /Ba MpooJIzKeHnsd MHOKecTBa X U X J0 coBep-
MEHHBIX KOJIOB:
C=AUXUXUA, (4.8)
D=BUXUXUB,

e A # B.

Puc. 7: Wnnroctpanua  jemMme 5

Jlerko BuHO, uro d(A, B) > 3. Ucnonb3ys 3107 HakT, MOKHO MOCTPOUTH COBEPIIEHHbIH

KOJT o
C'=AUXUXUB (4.9)

(puc. 7).

3 A # B umeem A # B u, ciieoBaresbHO, HaligeTcs BeKTOp 4y € B Takoit, uto y ¢ A.
Orciona, u3 coornomenus (4.8) u cBoOiiCTBa AHTUIOAIBHOCTH COBEPIICHHOTO KOJA (CM.
crejcrBue 7), moaydaeM § ¢ A. CHOBa B CHJIY aHTHIOJATBLHOCTH COBEPIIEHHOTO KOJa U3
pasencrBa (4.9) nmeem 7 € C', cnegoBarenbho, ¥ € A, mpoTuBopeune. A

Ucnonb3yst 310 CBONCTBO, MOYKHO JIOKA3aTh BEPXHIOI OIEHKY [V, 4uc/jia pa3jindHbIX
COBEPIIeHHBIX JBOMYHBIX KOJOB JJIUHBI 7.

Teopema 20 (AsrycrunoBudu C. B., 1995). Yucao N, pasauunvs cosepuienols
d60UMHBLT K0D068 dAUHGL T YJOBAENBOPAELIN HEPABEHCINEY

nf% log n+loglog(en)

N, < 22

JokazaTeabcTBO. I3 TeMMBI 5 JTIETKO MOTYYIUTH CIeAYIONLYI0 BEPXHIOK OIEHKY YUCTA
Pa3/IMYHBIX COBEPIIEHHBIX JBOUYHBIX KOJIOB JIJIUHBI T

|EG—1) 2]
N, < Bao-npl )
( |EG—1y2 N C"
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Ucnonw3yst hopmyay Crupsmara
1
n"e " 2mn < n! < etz "V2mn

7 CJIeJICTBUE 8, TMOJIYIM

2" /ny/n

Nn S |E&71)/2| S ( 2”/\/% ) < 22n7%10gn+loglog(en)‘ (410)

n—1
2

3ameuanud
1. CpaBuuBasi 9Ty OIEHKY C JIydlneil HuKHel OMEeHKON 9nc/ia Pa3/JIMdHbIX COBEPITeH-

HbIX ABOMYHBIX KOIOB, y6e}Kﬂ;aeMCH B OOJIBIIOM pa3pbiBe ME2KAY HUMHU.

2. TpusBnanpHas BepXHAST ONEHKA NMeeT BU]

2

2n710g n

Yaopaxkneuue 21. /loka3zaThb HepaBeHCTBO

n < 2"
n-1)/2 )= n
Yupaxkuenne 22. /lokasarh, ucnoib3ysa dopmyay CTHPIUHTA, 9TO THCIO AnT—l 3

cJeCTBuA 8 YAO0BJIETBOPsACT HEPABEHCTBY
2”’L
An—l < &
2 T TL\/ﬁ,

rJe ¢ — HEeKOTOpasd KOHCTaHTa.

Vuopaxkuenue 23. Jlokazarh, ucnoab3ys dopmyay Crupinnra, vepaBerctso (4.10).

Yupaxkuenne 24. /[okazarh, 4T0 6a30BOE MHOYKECTBO KOJIa XIMMUHTA, COCTOSIIEE
13 KOJIOBBIX CJIOB Beca 3, MOXKeT ObITh MOCTPOEHO MHAYKTUBHO W3 IpPeJCTaBJIeHHS KOJIa

X3MMUHTa MOCPEICTBOM KOHCTPYKIUN Bacuibena.

Hepemennas nmpobsema
Haiitu HOBYIO BEPXHIOIO OIEHKY YHCJIa PA3JIMYHBIX COBEPINEHHLIX JABOUYHBIX KOIOB

JUIMHBL 1 > 15.
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Kackajiable MeToAbl IOCTPOEeHUusI KOJI0B

5.1 OcHoBHag maed KacKaJHOTO CIIOCO0Aa IMOCTPOEHUS

Kackaubiit MeTo mocTpoeHusi KoJIoB Biepsbie Obl1 mpeioxken B 1966 . I'. JI. ®opun,
3areM, B Hadase 70-X rooB, TeOpHs KACKATHBIX W 0DODIEHHBIX KACKaIHBIX KOJOB ObLIA
pasputa B. B. 3a6m0BbiM, . JI. Bioxom, B. A. 3uHOBBEBbIM.

PaccmorpuM OCHOBHYIO HJIEI0 KACKAIHOT'O CIIOCO0a MOCTPOEHUS KOJIOB.

[Tycrs A apasiercs g-3aaunbiM (1, |Al, d)-komom, T. e. KogoMm JIuHb 1, MotaoCTH |A] ¢
K0J0BbIM paccrosaueM d. [lycrs B — ¢'-3uaunstii (N, |B|, d')-kon, rae |B| = g. O6o3naunm
KOJIOBBIE CJIoBa Kofa B ciemyromum obpazom: B = {b(0), ..., b(¢ — 1)}. Jdna naroboro
KOZO0BOTO c10Ba a = (ai, ..., a,) € A nocrpomm sexrop a(B) = (b(ai)|...[b(a,)),
rjae cuMBoJsI | 0Bo3Hauaer KoHkareHanuioo BekTopoB. Muoxecrso C' = {a(B) : a € A}
SABISETCA ¢ -3HAYHBIM KOJOM. JIerko HaiiTm mapamerpbl 3TOr0 Koja: JauHa pasHa niV,
mormnocTh |C| = |A] u komoBoe paccrosuue d(C) > dd'. Koapt A, B u C Ha3biBaoTCH,
COOTBETCTBEHHO, GHEWHUM, BHYMPEHHUM U KACKAOHBM KOOGLMU.

B sroit riiaBe OyayT mpuBe/leHBI HECKOJIHKO KACKATHBIX METOJOB MOCTPOEHUs KOIOB
(MHOT/IA ISt TPOCTOTHI U3JIOKEHUS PACCMATPUBAETCS CIyUaii KOJOB ¢ MAJTBIMU KOJTOBBIMU
PACCTOSTHUSIMA ), TIPUHA/JIEZKAIINX Pa3JindHbiM apropam. CHadasa paccMoTpuM HauboJiee
IIPOCTBIEe KACKa/IHbIE MEeTObI OCTPOEHNUS KOJIOB, 3aTeM OoJiee cJIOXKHBIe. B KOHIIE 9T0it ri1a-
BBI U3JI0YKUM ODODIIEHHYIO KAaCKAIHYIO KOHCTPYKIHiO B. A. 3uHOBbEBA /151 HEJIMHEHHBIX
KOJIOB (0000IIeHHAsT KACKAIHAS KOHCTPYKIUS JIJIsl JIMHEHHBIX KOJOB ObLIa MpPEeIOKEeHA
panee B. B. 3s6m08bim 1 3. JI. Bioxowm).

5.2 Kogabl CosoBbeBoii (1981)

Jlnst onpeeienns KackaaHON KOHCTpyKIun, npeioxkeranoit @. 1. Conosbenoii B 1981 1.,
noTpedbyroTcs pa3duenns n-Kyba £" Ha coBepIiiieHHbIe KOIbI.

Pa3buenusa F" Ha coBeplIeHHBbIE KOJbI. PaccMOTpUM TPOU3BOIBLHBIN COBEPITEHHBII
ko, C' ¢ KojtoBbIM paccrostaueM 3 bl 1 = 2™ — 1 npu m > 2. VcnoJib3yst ¢BO#CTBO
IJIOTHON yHAKOBAHHOCTU COBEPIIEHHOIO KO/ia B E™, JIerko nojiyduTh cjejyliomniee TpUBu-
aJibHOe pazbuenne F™ Ha aHAIOTH KJIACCOB CMEXKHOCTH TI0 coBepineHHoMy Koay ('

E"=CU(C+e)U...U(C+e,),

ol
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rJe €; — BEKTOP C €JMHCTBEHHON HEeHyJIeBO# KoopauHaToi . [IpuBegeM KOHCTPYKIIHIO
MTIPOKOTO KJAacca HeTPUBUAJIBHBIX pa3buenuii [ Ha coBepiieHHbIE KOJBI /T JTI000i T0-
MyCTUMOU JIJTMHBI KOJIa N > 7, UCIOIb3ys KOHCTPYKINIO Bacuibesa.

JIemma 6 ITycmo EF = U?:o C; — npouseoavroe pazbuenue npocmparcmea EF na
cosepwertve Kodv, daunv, k = 2™ — 1, \; — npouseosvras pynryus ud xoda C; 6 mHo-
orceemeo {0,1}, |z| = 21 + 22 + ...+ 2 (mod 2) daa eexmopa x = (11,29, ..., 1) € EF.
Tozda cosokynrnocms K0dos
Czn = {((L’ + Y, ’JI| + Az(y)wr) MRS Ek’y € Oz}v

e = O tepr, i=0,1,...k,

obpasyem pasbuenue B wa cosepwernvie kodovr diunve n = 2k + 1.

HokazarenscTso. Koapt Cf' u C7 ne nepecexatorca npu @ # j, 4,5 = 0,1,...,k B cuny

IIOCTPOEHHs ITUX KOJOB U TOr0, 4To 110 ycaosuio gemmbl C; N C; = (. Anasornuuo s
n n n n J— ;s

konos C' m C7y, . Oueumno, uro CF N Cy ) = 0 opu i =0,1,...,k OrMmerum, 4TO

pu 3ToM Kazkas pyukmus A;, ¢ = 0,1, ...,k npousBo/ibHa.

Teopema 21 (CosnoBbeBa ®@. U., 1981). Jlaa a06020 donycmumozo n > 7 wucao
pasausnolr pasbuenud P, npocmpancmea E" na cosepuienmnvie k0dvl daurvt n ydosae-
MeopAeM HEPABEHCTNEY

p, > 22", (5.1)

Joka3zaTeabcTBo. PaccMoTpiM j1Ba IPOM3BOIBHBIX pa3buenns npocrpanctsa EF na co-
BepIeHHbIe KOl JAAnHbl k: BEF = Uf:o Cin EF = Uf:o Cl,k=2"—1,m > 4. Ilycrs
6e3 orpannuenus oomuoctu e; € C; u e; € C. Paccmorpum Takzke pa3indHbie ceMeiicTBa
dbyuxmmit A = { Ao, A1,..., A} 1 A= {\), ], ..., A} coorBercTBenno, Tae A;(e;) = 0 u
Ni(e;) = 0 pst kazkoro ¢ = 0,1,..., k. CortacHo onucannoii B jiemme 6 KOHCTPYKIMU
Ha OCHOBE 3TUX pa30uenuii u cemeiicTB PYHKIUN MOCTPOUM J[Ba Pa30UEHUs IIPOCTPAHCTBA,
E™ na coBepliieHHbIe KOJIbl JUIMHBI 1. Bcim uexoaubie pasbuenus mnpocrpancrsa BF, wc-
MOJIb3yeMble sl MOCTPOeHNus IBYX pa3Ouenuil " Ha coBeplIeHHbIE KObI, COBIAIAIOT, TO
B cuty A # A’ u cBoiiers \;(e;) = 0 u N(e;) = 0 aru aBa pasduenus E™ paznuunsl. Ecin
JKe HCXOjHbIe JiBa pasbuenus npocrpancTBa EF pasiuumbl, TO, HE3ABUCHMO OT BbIGODA
cemeiicrs dyuknuit A n A, 3aganHpIX Ha 3TUX pa3bueHnsx, pe3yJbTupyoonme pasouenns
npocrpancTBa B Takke pa3andHbl. UncJI0 pa3/imaHbIX pa30neHnii He MeHbIIe YUCIa Bbl-

OOPOB BCexX pa3auIHbIX PYHKIUNA \; 1ig kazxkooro 1 =0,1,... k. rtnek = (n—1)/2, re. ¢
Y ) ) ) 7
o(n+1)/2
ydaeToM Toro, uto A;(e;) = 0, ajis kaxaoit GyHKuuu A; umeem 2wt BO3MOXKHOCTEI

BBIOOpa. OTCI0/1a, BOCIOIB30BABIINCH NHIYKTHBHOCTHIO TTOCTPOCHHST pa30UeHuil, mMeeM

2(n+1)/2 1\ ntl

P?’L Z (2 n+l ) 2 - Pnfl.

n+l
W3 mocnennero HepaBeHCTBA, B CHJIYy TOro, 9to Pn—1i > 272 npum n > 31, moaydaem
2
onenky (5.1).
u n = 7 yTBep:K/JIeHHe BepH IJIaCH nbrata K. Qe ., Ipu n =

Ilpun=7 e eHHe BEPHO COIVIACHO pe3 ata K. @enmca 2000 r., n =15
JIaHHAs TeopeMa TaKyKe BepHa, B 9TOM CJIydae JOCTATOYHO PACCMOTPETh HEKOTOPOE MO-
JucpunpoBanme UCIOJIb30BAHHOM BbIIE KOHCTPYKIIUH. A
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B panwueiiiem B 3T0il TiIaBe MOJ COBEPNIEHHBIMH KOAAMHU MOAPA3YyMEBAIOTCsSI COBEP-
IMEeHHBbIE KOJBI ¢ PACCTOSHUEM 3.

Teopema 22 (ConosbeBa ®@. I1., 1981). Ilycmo

E" = Oc;l, E" = OD;
1=0 1=0

npoussosvHule pazbuenus kyba E" wa cosepuennvie K00vl OAUHBL T U T — NPOU3BOALHAM
nodcmarnoska na muoscecmee n + 1 koopdunwam. Tozda mroostcecmeo

C={(z,y,lyl) 2z € C,y € Dy),i=0,1, ..., n}
ABAAECMNCA COBEPUEHHBIM 080UUHBLM KOJOM OAurHbL 2N + 1.

JokazaTeabcTBo. Jlerko BuieTh, 9TO AJUHA Kofa paBHa 2n + 1 =21 — 1, rre
n = 2™ — 1. Mom#HocTs Koja paBHA
22n 22n+1

= o - 1D = o2 = . -

[IpoBepuMm, 4TO KOJIOBOE paccrostuue pasuo 3. Ilyers u = (z,y,|y|) u v = (2, ¢/, |V]) —
HPOM3BOJIbLHBIE Pa3JIMYHbIE KOJ0BbIE C10Ba Koga C. Bo3MOKHbBI Tpu Ciydas.

L EBomz =o' y#y,ze€Ci=01 ..., nroyy €D}, ndyy) >3, snauur
d(u,v) > 3.

2. Cayuwait  # 7',y = ¢y aHaj0oruyen upeabiiyiemy.

3a. [lycrb o # o',y # y' uz, 2’ € CI'. Torpa d(z, x') > 3 u, ciepoBarensho, d(u,v) > 3.

3b. Tlyere z # 2,y #y' mx € CF, 2’ € CF, rme 4,5 € {0,1, ..., n} uw i # j. Torma
ye Dy, n y € D} ;- Ecin lyl = |¥'|, o d(y,y’) > 2, d(x,2") > 1 u, 3uaqur, d(u,v) > 3.
Ipu [y| # [y'| nveem d(y, y') = 1, d((y, [y]), (', [¥'])) = 2, d(z,2") = 1 u cnosa d(u, v) = 3.

Teopema jokazana. A

Koncrpyxkius jerko o600ImaeTcs ¢ IOMOIIbIO 001eli MpoBepKu Ha YeTHOCTD Ha CJIydait
PACHIMPEHHBIX COBEPIIEHHBIX KO0B. VjLmocrpanuio K reopeme 22 jyist ciy4dast, korya C;
u Dy — pacumpennblie Kojbl, . = 2™ c¢Mm. Ha puc. 8.
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Puc. 8: Caygait pacimmpeHHbIX KOTOB
3amMeuaHug
1. Hecs10:kHO 110Ka3aTh, YTO 3Ta KOHCTPYKIUS SBJISETCH KACKa/HOM.

2. KoHcTpyKIuoo MOXKHO OOOOIIUTE CJIEIYIONIIM 0Opa30M: BMECTO JIBYX pa3OueHwmil
1pocTpaHcTBa " Ha COBEpIIEHHbIE KOJIbl PACCMOTPETh pa30uenus JIByX pa3/ndHbIX KOJIOB
C7 n (5 Ha HemepeceKaroIUecs MOAKOABI ¢ IapamMerpaMu HeKOTOphiX kKogoB C3 u ()}
COOTBeTCTBEHHO (CM., Hampumep, Teopemy 63 B pasm. 9.2). B ciaydae pasbuennii Koa0B
Cy u Cy Ha cmexuble Kiaaccsl mo kKojgaMm C3 u Cy (T. e. TpUBHANBHBIX pa3bueHuii) sta
KOHCTDYKITUsI HasbiBaercst konempyryued X4 (em. [1], rr. 18).

3. Cneayer OTMETUTD, UTO, HCIOJb3Ys 9TY KOHCTPYKIIMIO, MOXKHO IOCTPOUTH KJIACC
pazbduenunit K" Ha coBepIleHHbIe IBOMYHBIE KOJIBI.

4. Kiracc coBepIlleHHBIX KOJIOB, ONUCAHHBIM B 3TOM pa3/ie/ie, He SKBUBAJEHTEH KJIaCCy
koj0B Bacunbesa. B 1984 r. K. T. ®@ennc o6obumn 31y KoHcTpyKiuio. B 2000 r. on
JIOKa3aJ, 4TO CYIIEeCTBYeT Mo Kpaiineir mepe 963 um He Gosee 15408 HesIKBUBATEHTHBIX
ko708 CosoBhenoit jymabl 15. B 2004 . B. A. Bunosses u /I. B. 3unosbeB jgoka3zasim,
4TO CYHIECTBYET B TOYHOCTH 7H8 COBEpPIIEHHBIX KOJOB JiyiuHbl 15 panra 13. B 2006 .
C. A. MaJiforue mocTpomI 55 COBEPIIeHHBIX KOIOB JINHLI 15 panra 15.

Yunpaxuenune 25. [lokasars, uro Cj' N C} = 0 nms mobwix 4,5 € {1,2, ..., (n —
1)/2}, i # j B Teopeme 21.

Yupaxkaenue 26. [loctpouTts kitacc pazbuennit kyda £" Ha coBepIlleHHbIE TBOUTHbBIE
KOJIbl, UCIIOJIb3Ys TeopeMy 22.

VYupaxkuenue 27. O000muTh KaCKaIHYIO KOHCTPYKITUIO TEOPEMBI 22 JIJIsT PACITHPEH-
HBIX COBePIIEeHHBIX KOJIOB.

Yupaxkaenue 28. Kak mocTpouTh KoJ XIMMUHTA, UCIOJIB3YS KOHCTPYKIIMIO Teope-
MbI 227

5.3 Koasr PomanoBa

PaCCMOTpI/IM IIpuMEeHeHue KaCKaﬂHOﬁ KOHCTPYKIUU JJid KOJ/OB, HE ABJIAIOHIUXCA COBEP-
MMEeHABIMA, HA TPUMepe KO JJUHBI 16, KOTOPBIit nMeeT MaKCUMAaJIbHYI0 MOIITHOCTH CpeIn
BCeX KOJIOB TAKOM JI/IMHBI, UCIPABJIAIONINX OJTHY OIIHOKY.

XOpoIlo H3BECTHO, UTO CYIIeCTBYeT pasbueHue MHOKecTBa Dj Bcex JBOUYHBIX CJIOB
quHel 9 Beca 3 Ha ceMb cucteMm Tpoek [lTeitnepa mopsgaka 9. O603HAYUM 3TH CHCTEMbI
tpoek Ireitnepa uepes S;, ¢ =1, ..., 7. Takum o6pa3om, nuMeeMm

7
l)9 == U SZ
i=1
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PaccmoTpiu TakyKe pasbnenne Kyba F7 Ha KJacchl CMeKHOCTH 10 KOIy Xammvuura H '

E" = LJ(H7 +e;).

i=0
[Tycth S! — MHOXKECTBO BCeX aHTHIONAIBHBIX CJIOB K CJIOBAM MHOXKecTBa S;, T. €.
Sl={z+1%z € S;}.
Teopema 23 (Pomanos A. M., 1983). Munooicecmeo C'S, onpedeaenroe xax
CY={(z,y):x€S;US,yec H +e;,i=1,....,73U{(z,y) v € {0°1°}, yc H"}
ABAACNCA KODOM, UCTPABAAOWUM 00HY owubry daurs, 16 mowsnocmu 2720.

JlokazaTeabCcTBO OMYyCTUM, MOCKOJIBKY OHO aHAJOTUYHO JOKA3aTeTbCTBY TeOpeMbl 22.

[Tpumenenne koHcTpykKnuu [1I0TKMHA K 9TOMY KO/IY IMO3BOJISET MOJYUYUTH XOPOIITHE
KOJBI JJTHHBI 1, Te 27 < n < 2™ 4 2m—4,

[Toacrapass moHbIi YeTHOBEeCOBOM Kom D maunbl 17 um pacmmpeHHbIT Kox Pomamo-
Ba C' ajmnbl 17 B KoHCTpyKumio ITjiorkuHa, mosydaem Ko JJIMHBLL 34 CO CJIeLyIOHUMU

XOPOLINMHA ITapaMeTpaMu:
85 85
D:(17,2%,2), C: (17, —-2" 4) = (34, — - 2% 4).
(17.2%2), C:(17, 52" 4) = (34, 527, 4)
YKopaunBas 3TOT KO, JBAaK/IbI, TOJIy9IaeM KOIBI JIUH 33 U 32 cO CcIeayIomuMa mapa-
MeTpPaMHu:
85 85 85
34, — 2% 4) = (33, — .27 3) = (32, — -2% 3).
( ) 64 Y ) ( ) 64 Y ) ( I 64 Y )
Wcmonb3ys 5Tv KOAbI B KadecTBe MEpPBOro Iara WHAYKIMH, HHAYKIHeH 1Mo m = logn
MOYKHO JIOKA3aTh CJIeIYIOmMii haKT.

Teopema 24 (Pomanos A. M., 1983). /lasa 1106020 yea020 wucaa n, yooeremeo-
parowezo 2™ < n < 2™+ 2™~ — 1 eywecmeyem neaunetdinvd (n, X - 27771 3) ko0, 20e

A = 85/64.

Ciieyer oTMeTUTh, 9TO JIJIsi KOJOB JIMHBI 0OJIbIIe 16 CyIecTBYIOT ApyTrHe KOJIbI C
XOpONINMH IMapaMeTpaMu, UCIIPpaBJJIAdI0IINne OOHY O]J_[I/I6Ky, HallpuMep KO/ STHI/IOHa JJINHDBI
17, momraocTH 5312 € KOJOBBEIM pACCTOSHHEM 3 U KO, XAMAIdiHeHa JJIUHBL 18, MOITHOCTH]
10496, ¢ xomoBeIM paccrostaueM 3 (cm. [20]). Mcnoab3yst koncTpykmuio [InoTknHa 1 9TH
KO/Ibl MOZKHO aHaJIOI'MYHbIM 06pa30M 1IOJIy4UTb 6eCKOHe‘{HbIe KJIaCCbl KOAOB C XOPOILIHUMMU
rnapamMeTpamMu.

Yupaxuenne 29. /[okazarb reopemy 23.

5.4 Koapl XamaagiiHeHa

Jlutst m3J10KeHnsT KOHCTPYKIMKM XsAMsJIsiiiHeHa, HaM ToTpedyeTcsi ¢-3HAYHbIN KOJI XIMMUH-
ra.
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5.4.1 Koxg Xsmmunra nag GF(q)

OcHoBHag ujesi MOCTPOEHHS IMPOBEPOUHON MATPHILI ¢-3HAYHOTO KOJa XAMMUHTA, e
q > 2, Takas ke, KaK M JUId JBOMYHOI'O KOja X3MMuHra. B kadecrBe cToJiOIOB I11PO-
BEPOYHOI MaTPHUIlbl BO3bMEM BCE ¢-3HAYHbIE BEKTOPHI JJIMHBI 17 TaKHe, 9TO JI00bIe /IBa U3
HUX JIMHEWHO HE3aBUCUMBI M HaMyTCs TPH JIMHEHHO 3aBUCUMBbIX. B oT/Indue oT ABOMTHOTO
caydasi, Mbl He MOKeM OpaTh BCe HEHYJIeBble BEKTOPBI JJIUHBI 1M, MOCKOJIbKY HEKOTOPbIE
U3 HUX MOTYT ObITh JiMHeiHO 3aBucumbivu. Hanpumep, Bekropbr (11011) u (22022) sn-
HeitHo 3aBucuMBbl HaJl osieM Lanya GF(3). B messax ycTpaneHus 370l CUTYAITMH BO3bMEM,
HalpUMep, B Ka4ecTBe CTOJIONOB POBEPOYHON MAaTPUIILI BCE HEHYJIEBbIe CTOJIONbI TaKue,
9TO TEepBasi HeHyJIeBas KOOPJAMHATA B KaykKJI0M W3 HUX paBHa 1. KosanmdecTBo HeHyJIEBHIX
BeKTOPOB Jyiuabl m Haj GF(q) pasao ¢™ — 1. HeTpyaHo moKa3aTh, 4TO CPEIH HUX UMEEM

l4g+¢+...+¢" ' =("-1)/(g—1)

BEKTOPOB C IpeNuCaHHbIM ¢BoiicTBoM. Clie10BaTe/IbHO, JIMHA ¢-3HAYHOIO KO, X3MMUH-
ra ¢ m OpOBEpPOYHBIME cUMBoOJamu paBua n = (¢ — 1)/(¢ — 1), MomHOCTb KOJa paBHA
¢"™ M 10 NOCTPOEHUIO KOA0BOE paccrognue 3. Takum 0Opa3oM, Mbl IOCTPOUJIH KOJ, C
napamMeTpamu

[’I’L - (qm - 1)/((] - 1)7 qn_ma d= 3]@
O6osznaunm ero uepes Hy.

ITpumep 2. IMocrpoum kox Xommunra vag GF(3) ¢ gByMst IPOBEPOYHBIMU CUMBOJIA-
Mu. PaccMoTpuM pOBEPOYHYIO MATPUILY B KAHOHUYECKOM BHU/IE

1110
H = :
< 1 2 01 )
Ona 3ajaer Tpomunblii Ko Xsmvunra Hi ayunbl 4. [lepexoas oT 3Toif HpoBepodHOIL
MaTPHILI K MOPOZKTAOIIeH MaTpHUIlEe B KAHOHUYIECKOM BHUIE

G:<1 0 -1 —1):<1 0 2 2>
01 -1 -2 012 1)
HOCTPOMM BCe KOMoBbIe ¢1oBa. OHM MMET BUJIL

0 T1 + Qals,
rJe X1, Ty cTpoku Marpunbl G u ag, s € GF(3) :

nHGOpPMAIMOHHBIE OJIOKH = KOJIOBbIE CJI0OBA

NNONN B~ RFR PR OOoOO
N = O N = ON = O
!
NNONN B~k BP~ROOoOO
N — O N = ON = O
N O = O DN F=DNDO
O P HEF O DN O
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VYupaxkuenne 30. [lokazarh, 9T0 NTPOU3BOJIBHBIN ¢-3HAYHBINA KO/ C MapaMeTpamu
KO/1a X3MMUHTA SBJISIETCS COBEPIIEeHHBIM.

5.4.2 KoHcTpykiuga XaMaaditHeHa

OcHoBHag uest KOHCTPYKINN XAMSISIiTHEHA COCTOUT B CJIEIYIONEM: CHavYaJIa B IITH3HAY-
nom xojie Xammunra HE ¢ napamerpamu [6,5%, 3]5 umercs ¢ moMompio MeTo1a BKIIOYeHHIT
M UCKJIFOYEHUH MOAKO/I MAKCUMAaJILHO BO3MOXKHOMW MOIIHOCTH Ha/l a/1paBUTOM M3 Y€ThIPEX
9JIEMEHTOB, 3aTeM K 9TOMY MOJKO/Y MPUMEHSIeTCs KacKaJMpPOBaHWe C TOMOIIHIO KJIACCOB
CMeKHOCTH 10 JBOMYHOMY KOy X3IMMUHTA JIUHBL 3. PaccMoTpuM meTanbHO 3Ty Kpacu-
BYIO KOMOMHATOPHYIO KOHCTPYKITHIO.

[Iycts Koa X9aMMuHTA Hg Jauabl 1= 6 mHag nmoaem Fanya GF(5), 3a1an cBoeil TOpoxK-
JaroIeil MaTpuneii B KAHOHUIECKOM BHUJIE:

OO O =
O O = O
O = O O
_ o O O
— ==
— N W o

[IpousBosbHOE KOAOBOE CJIOBO MMEET B/
a1ul + Qg + 3us -+ Ql4Uy,

rje uq, Uz, us, uy — crpoku u3 G u «o; € {0,1,2,3,4},i = 1,2, 3,4. Momuocts Koja paBHA
5. BadukcnpyeM Tpou3BOMLHBII 31eMenT k U3 MHOKecTBa {1,2,3,4}. Viaamu u3 xoma
H? Bee Ko0BBIE CJIOBa, CojlepzKalie KOOpAuHaTy, pasHyio k. crnoibs3ys MeTo BKIIove-
HUi 1 MCK/TIOYeHHH, BLIYUCIMM YHCI0 TAKUX KOJOBLIX CJIOB B Koje XaMmmuura HS :

4
4 i 6 4—q _
5 +;(—1) (Z 54— 1 = 164.

Nmeercst TOJIBKO OJIMH BEKTOP C MSIThIO KOOPANHATAMHA, PABHBIMU k, HApumep, npu k = 4,
310 BeKTOp (424444). IlosydeHHbIi OJKOJ ABIgeTCS CyzKenueM Koja Xavmunra He ma
asiaBuToM u3 derbipex smementoB {0, 1,2, 3}. Ou nmeer 164 KOJOBBIX CJI0Ba U KOJOBOE
paccTosiHue, paBHOe 3.

JLns motydeHus Koja JITUHBL 18 TpUMEeHHM CJAeIY IOy KAaCKaIHYI0 KOHCTPYKIIUIO K
IIOJIy YEHHOMY ITOJIKOLY: BMECTO dj1eMeHTa () MOACTaBUM CJI0BA JABOMYHOIO KOAA XOMMUIHIA,
H3 aumnen 3:

0 — {000, 111};

BMECTO KaXKJI0r0 dj1eMeHTa u3 MHOkecrBa {1,2,3} BO3bMEM CJIOBa KJacca CMEKHOCTH
o koay H? Taxum o6pasoM, 4TO JIOOBIM JABYM 3JeMEHTaM OyIyT OTBeYaTh PA3JIMuHbLIE
KJIACCHI CMEeKHOCTH. B pe3ysibrare 1mojyanM JaBoudHbI Ko ¢ napamerpavu (18, 10496, 3),
T. . IJITHLI 18, MOIIHOCTH

164 - 2% = 10496,

¢ KOJIOBBIM PACCTOSTHUEM 3.
Taxum 06pazoM, Mbl JJOKa3aJH CJI/IYIONIee YTBEPZK IeHHe.
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Teopema 25 (Xamansituen X., 1988). Cywecmesyem dsounwnwi %0d ¢ na-
pamempamu (18,10496, 3).

VKopauuBas OJHy KOOPJHUHATY B 9TOM KOJIE, IOy YaeM KO/I, MOIIIHOCTh KOTOPOI'0 MEHb-
1e MONIHOCTH M3BECTHOrO Koja Drnmona ¢ napamerpamu (17,5312,3) (onucanue koja
DriroHa MOXKHO Haiitu B [13]).

Vopaxkuenune 31. JlokazaTh, 9To Moako Koga Xsmvuuara HE wan mogaiadasutom
) 5

{1,2, 3,4}, koropsiii He coaepxkut aementa 0, cocrout u3 160 KOIOBBIX ¢10B. VIMEHHO 110

9TOil MpUYKMHE B KOHCTPYKINN XIMsIsSifHeHa CyIecTBeHHO, 9To k # 0.

5.5 KackaaHast KOHCTpYKIins 3uHoBbeBa (1988)

PacecmoTpuM Kacka Hyo0 KOHCTPYKIIIO, peatoxkennyo B. A. 3unosbeBsiM B 1988 1. 13-
JIOZKMM €€ JIJIsl COBEPIIEHHBIX KOJOB (HE3aBUCHMO 9TOT MeTo nocrpoenusi B 1989 r. 6bLi
upeioxken @. V. ConoBbeBoit). DTa KOHCTPYKIUS MOKET OBITh PACCMOTPEHA Kak 0000-
IeHNe KOHCTPYKIINU XAMSIIAiHeHa, W3JI0KeHHO B PEIbIAYIIEM pa3/ielie.

[Iycts A — HpOU3BOIBHBII ¢-3HAYHBII COBEpIICHHBI KO ¢ mapamerpamu (n, |Al, 3),,
g = 2%, coBmajmamomuMu ¢ HapaMeTpaMi KoJa XSMMHIHIA HAJ HOJEeM GF(Z’“),/{ >1c
JBYM$ IPOBEPOYHBIME cuMBOIaMu. Ero nimua paBHa n = 2 + 1. Ilycrb o6beauHenne co-
BepLIeHHbIX ABonYHbIX K00B Cp, C1, ..., C, 3ajaer pa3dueHne BEKTOPHOIO IIPOCTPAHCTBA,
E7, r =2F — 1. Ormernm, uTo 31ech uncao 7+ 1 = 2F xonos B pasbuenun E" cosmaaer
¢ ancaoM aneMenTos B GF(2F). Ecrectsennniv obpasoM anementam noaa GF(2F) como-
CTaBUM BO B3aHMHO OJIHO3HATHOE COOTBETCTBHE 3IeMeHTH MHoxKecTsa {0,1,...,2%F — 1}

Teopema 26 (3unosbes B. A., 1988). Mnosicecmso CN, onpedesennoe xaw

N — U Cpy X Cpy X ... x Cy

(-7:171'27---7~7:n)614

ABAACTNCA COBEPUELHHBM 080UHbIM Kodom daunse N = nr = 228 — 1.k > 1 ¢ xodosvim
paccmoaruem 5.

HdokazareancTBo. /[TMHa KO, OYE€BUIHO, paBHA
N=n(g—1)=(2"+1)(2" —1) = 2% — 1.

Hec10:kHO BBEIYHCIUTH MOIITHOCTDL KO/Ja:
k_ k_1_f\ok k_ 2k _q_pok_ _
‘CN‘ _ |A’ . ’CO‘TL — 9k2 kz<22 1 k)2 1 _ 9gk2"—k  92%"—1-k2"—k _ 9N log(NJrl)7
e N =2%F — 1.
Ocranoch yOeuThCs, ITO KOJOBOE PACCTOSHIE paBHO 3. PaccMOTpuM /1Ba TPOU3BOIb-

HbIX KOJOBBIX CJIOBA
T = (xlaa?Qa BRI xn)u

Y= (yhva sy yn)
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u3 A. Ecim x # y, To d(z,y) > 3 u, 3HauuT, Haiiyrcs no kpaiineii Mepe TP KOOPIUHATHI
i,J,k, B KOTOPBIX pa3IndatoTcs KOIoBbIe ¢oBa * U Y. Clie0BaTeIbHO, CYIIECTBYIOT TPU
mapbl KOJIOB B paszouenun F™ Takue, 9TO

d(Cy,,Cy,) > 1, d(Cy,,Cy ) > 1, d(Cy,,Cy) > 1.
Orcroma cieayer

n?

d(Cpy X Cpy X ... x Cy, , Cyy x Cyy x ... x Cy ) > 3.

[Tyctes x = y. Torma nmeem cieayromniee MHOKECTBO KOJIOBBIX BEKTOPOB Koma C N.
Cpy X Cpy X ... x Oy

YUuThIBast, YTO KazK,/10e MHOXKeCTBO (), IBJISETCS COBEPIIEHHBIM TBOMYHBIM KOJOM, IOJIY-
JaeM, ITO PACCTOSHUE MeZK Ty JTIOOBIME JIBYMS PA3TUIHBIME BEKTOPAMHU 9TOTO MHOKECTBA
paBHO 110 KpaitHeit mepe 3. A

5.6 Kackannas konctpykius Pesmmca (1984)

[ycrs CY,CY, ..., CY u C},C3, ..., C} — npousso/ibHble pazbuenus MOJHBIX YETHO-Be-
COBOTO KOJa M HEYETHO-BECOBOTO KOJOB MPOCTpaHcTBa F’ (MHOXKECTBO BCEX BEKTOPOB
IpocTpancTBa E” 9eTHOro W HEYeTHOrO Beca COOTBETCTBEHHO) HA PACIIUPEHHBIE COBEpP-
IIIEHHbIE TBOMTHBIE KOJbI JJINHBI I ¢ KOJOBBIM PACTOSTHMEM 4 COOTBETCTBEHHO, mycTh C
— IPOUM3BOJILHBINA PACIIMPEHHBIN COBEPIIEHHbIN JBOUYHbBIA KOJI JUIMHBI M B ™ ¢ KOJ0-
BBIM pacTosHMeM 4, B 3TOM pasjese mycth r = 28 m = 2P, Jlja KasKIoro BeKTOpa, [
u3 C™ BosbMeM r-3HauHblil Kox C), ¢ KOJOBBIM paccrogauem 2, amunst m, |C,| = r™?
(C,, sBaserca M DS-komom). Hanomunm, aro M DS-kox C' mamumst m, oovema |C| ¢ Ko-
noBeiM paccrosiaueM d wan GF(r) — aro kom, pocruraromuit rpanurpl CHHIITOHA, T. €.

m —log, |C|=d— 1.
Teopema 27 (®@esmnc K. T., 1984). Mnoowcecmeo C™, onpedenernoe xak
C" ={(alca| .. lem) e € Oy = (pa, p2y -+ -5 fim) € C™,
J= (j1,j27 sy Jm) € Cu}
AGAACMCA COGEPULEHHBLM PACULUDPEHHDLM 0GOUMHDBLM KOOOM ONUHDL T = TNT.

Jamee kox C™ Oyaem Ha3BIBATH 0a306bLM KOOJOM.
JokazaTeabcTBo. /1 10Ka3aTeIbCTBA TEOPEMbI HCIOIb3YeM JIPYroe, SKBUBAJIEHT-
HOE JAHHOMY Bbille, oupejesenue koga C™:

n o__ H1 Hm
C—U lex...ijm.
peCm jeCy,

OueBuaHO, UTO J/IMHA KOJa paBHA 1. = Mr.
Takzke HEC/I02KHO BBIYUCANTH MOIIHOCTH KOJA:

|Cm| — |(C§:z)|m . |C/L| . |C«m| — (2r—logr—1>m X Tm—l . 2m—logm—1 — 2n—logn—1’
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3J1eCh N = Mmr.
Hec10:kHO 3aMeTnTh, 94TO [/ ABYX Pa3/IM4HBIX KOJAOBBIX C/10B v 1 v’ koga C™ Takux,
aro p = g, j = 7' seimosusiercs d(v,v') > 4.
Voeumcest, 9T It KOJOBOI'O PACCTOSIHUS CITPABE/IJINBO

— 11 fm P Hom,
d=d(C} X...ox Oy O X ... xCym) >4

quist Jio0sIx f1, (' € C™ u j, 7' € C), Taxkux, 910 mapsl (p, ) u (¢, j') pasauams.
B03MOKHBI IIpUBEICHHbIC HUXKE CJIydau.

1. Ilpeanonoxum, p = ', j # j'.

Torma d(j,j') > 2 u HaiijgyTcst KoopauHATHL S, Takue, 9T0 js # jy, j 7 ji. Orciona,
yaurbisad, aro Cf° u C’]“, OJHOBPEMEHHO ABJSIOTCA Y€THO- WM HEYeTHOBECOBLIMH CO-
BEPITCHHBIMI DACIIHPEHHBIME IBOHYHBIMI KOZaMu (anaiorn+no jjs kogos Cf' n Cj“;),
umeem d(C57, C57) > 2w d(C5f, C))) = 2. Caesosaredbho,

M1 Hs 1 Hm M1 Hs M Hm
d(C5 X .o x C8 x C4f X OO ,Cj1 X...xCy ij;x...xCﬂn)zzl.
2. Mycrs 1 # 1.

Bekropel p u g/ npunaanexar 6azosomy komy C™) 1.oe. d(p, ') > 4 n naiigyrcs
4eThIpe KOOPAMHATHI £, S, € U [, B KOTOPBIX pasiauuaiorcs pu 1. CreoBaTebHo, NMEI0TC

. r
JeThIpe Mapbl COBEPIIEHHBIX KOIOB C’j“ u Cj’?, i € {t,s, e, l} Takue, aTo
fi o
k2 1
d(cﬁ 70]‘1’_ ) Z 17
T. e. d > 4 B urore umeeMm KomoBoe paccrosuue d = 4. A

3ameuaHnuda

1. BuikasbiBanre mpou3BOILHON KoopamHaThl Koga C™ MPUBOANT K COBEPITEHHOMY
JIBOMYHOMY KOJY JJUHBI 7 — 1 ¢ KOTOBBIM PACCTOTHUEM 3.

2. Inga m = 2 kox C™ gaBasgercsd TPUBHAILHBIM “PACIINPEHHBIM COBEPIIEHHBIM KO-
JoM, cocrosmuM u3 ogaoro sekropa (01). Kox C), apisgerca r-3HaIHLIM KOJOM JJTHHBL 2
¢ KOZIOBLIM PACCTOSHHEM 2, KOTOPOMY OTBEYAeT MOJCTAHOBKA 7T HAa 7 3JIEMEHTaX

CM = {(17 7T<1))a (27 71-(2))7 R <T7 71—(7‘))}
Takum obpazom, Teopema 27 gBIsIeTCS 00OOIIEHIEM TeopeMbl 22.

3. Yucsi0 HEIKBUBAJIEHTHBIX COBEPIIEHHBIX PACIIHNPEHHBIX KOJIOB JJIMHBI 1) IOy I€H-
HBIX 10 TeopeMe 27 GymeT He MeHee

Lﬂ(l—sn)

2% * ,
rae €, — 0 mpu n — oo.

4. O6o6menue koucrpykiuu Penmca 6wr10 gano /1. C. Kporoseim B 2000 T
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5.7 (OO6obmieHHas KackaJgHad KOHCTPYKITUS

[Iycth B aBasieTcs ¢g-3HATHBIM (nB, K, dB,l) koaoM. IIpenmonoxkum, uro xKom B pa3ou-

BaeTCs Ha (1 IOIKOIO0B:
q—1

B= | B
=0

rie B; aBaserca ¢p-3uaunbim (np, Ko, dp o) xomom, i = 0,1, ..., ¢ — 1.
[Tpeamonoxkum jajiee, aro B; paszbuBaercs Ha ¢y moakoson: s ¢ = 0,1,...,q;1 — 1
nMeeM
g2—1
B = | B
§=0

rje B, ; apigercd ¢p-3HaYHBIM (nB, Ks, dB73) KojioM, K3 = q3.
[Tycrs mpoussoibHOE KOLOBOE c10BO b € B nmeer Homep k B B; ;, Torna Tpoiika

(ivjvk)E{Oa"'7q1_1}x{07"'aq2_1}x{0a"'aq3_1}

OJIHO3HAYHO XapaKTepu3yerT BeKTOp b, 310 MoxKHO 3anucarh kKak b = b(i, j, k).
Jlna kaxgoro £ = 1,2,3, pacCMOTPUM (p-3HAYHBII (nA, Kay, dA’g) KoJI A, M ero mpo-
u3B0JIbHOE KojoBoe ciaoso al = (af, ..., afLA) € A,. dna moboro s = 1, ..., ny Tpoiika

(al,a? a?) naer komosoe cioso b = b(al,a?,a?) uz B.
[TycTn
C ={(b(a},a},a})|...|b(a),,a’ ,al ) :a" € 4,1 < €< 3} (5.2)

Teopema 28 (3unoBbeB B. A., 1975). Munoowcecmeo C asaaemes qp-3HaAUHOLM
K0dom OAunvL Ne = nang, moupocmu K 41K 49K 43, ¢ kK00osvim paccmosruem

de > min{da1dp;,dasdp 2, dasdps}.

Puc. 9 Unmroctpamnusa K Teopeme 28

Paccmorpum  aBonunbtit ciyuait. Ilyers B = E"B, B = EPB U (E™5 \ E!B), rue
E}® — nosmblit yeTHO-BecoBoit Ko B, np = 2™. PaccmorpuM nmpousBoJibHble pa3bueHust
k008 EJE u E"\ EB Ha 2™ pacuIMpPEHHBIX COBEPIIEHHBIX KOJOB JIJIUHbI Ng.

IIycrb  A;  — OpOU3BOJIBHBIA — pACHIMPEHHBI  COBEPINEHHBI  JABOMYHBIA  KOJI
(na,2m47 174 4), ny = 2% Tlycrs Ay apiserca np-s3maanbiM (n4, nly' ", 2) komom (MDS
KOJIOM ¢ paccTosnueM 2) u Az aBageTcs gs-3Ha9HbIM (N4, ¢35, 1) KomoM, rae gz = 2nB—1=m,

Ucnosb3yst KOHCTPYKIUIO mocieHeil reopembl, dbopmysia (5.2) mM03BoOJISET MOJYIUTh
pacIIupeHHblii coBepuiennblii gsonunblii kog C' ajmner 2™,
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Teopema 29 (3unoBwseB B. A., JIo6creiin A., 1997). Kod C' asasemca pacuiu-
pennbm cosepuerivim deounrvim kodom C dauroe 2"
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3amMeuaHud

1. Tlepeunc/ienue pacimpeHHBIX COBEPIIEHHBIX JBOUYHBIX KOJIOB JJIMHBI 16, mOJTY-
YeHHBIX O00OOIEHHONH KAaCKaIHOI KOHCTpyKImeil, O6b110 moayderno B. A. 3uHOBBEBBIM U
J1. B. BunoBbeBpiM B 2002 1., a UMEHHO UMHU OBLITO JOKA3aHO, UTO CYIIECTBYeT 285 HEIK-
BUBAJICHTHBIX TaKHNX KOIOB.

2. Cuepyer ormeruThb, 9T0 KOHCTPYKIus Pejinca MozKeT ObITH ONMUCAHA B TEPMUHAX
0000IIIeHHOIT KACKATHON KOHCTPYKINN 3UHOBHEBA.
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I'taBa 6

Ilonga I'aya

6.1 OcHoBHbIE onIpeaeieHUs

B »1oit rmaBe npuBeeHbl HEOOXOJMMBIE ONpEJIeJIeHUs] U YTBEPXKIAeHus O 1moJgx lasiya
(em. |1, 2, 8, 22, 25]), KOTOpbIe MOTPEOYIOTCS B JATbHEHIIEM I U3JI0XKEHHs] TeOpPHH
MUKJITICCKIX KOJOB.

Onpenenenune. Ajredpandeckast cucrema < F'; 4+, - > Ha3bIBAETCA NOAEM, €CIIH:

(i) < F;+ > gBngercsds KOMMYTATHBHON TPYIIO 1O CIOKEHHUIO (C eTMHUIHBIM 3JIe-
menTom 0),

(ii) < F'\ {0};- > aBisiercss KOMMYTATUBHON IPYIIO 0 YMHOXKEHHIO (C € THHUIHBIM
SJIEMEeHTOM 1),

(iii) BeImosiHeHBI 3aKOHBI TUCTPUOY THBHOCTH: JIJisl JTIOOBIX 3JIeMeHTOB a, b, ¢ € F' cupa-
BE/IJTUBO

a(b+ c¢) = ab + ac,

(b+ c)a = ba + ca.

HOp.ﬂ()KOM noAs HA3BIBAETCId YUCI0 ero 3jieMeHToB. Ilose I HasbiBaeTca KOHEYHbBIM,
€CJIM OHO UMeeT KOHEUHBI IIOPAI0K. B IIPOTHUBHOM CJIy4ae I10JI€ Ha3bIBA€TCA beckoHeuHbLM.

[Ipumepamu GeckoHeIHBIX TOJIei siBastiorest < Q; +, - >, < R; 4, >, < C;+, - >, rue
Q, R, C obo3navaoT MHOYKECTBA PAIMOHAJIHHBIX, BEIIECTBEHHBIX W KOMIIIEKCHBIX THCE
COOTBETCTBEHHO, a OIePAINH + U - ABJASIOTCA OOBITHBIMHU OIMEPAIUSIMHU CJIOKEHHUS U YMHO-
JKeHHS. [IprMepoM KOHETHOTO MO ABIgeTCs KOJIbIO BEIYETOB < Zjy; -+, « > TeIbIX TUCes
110 MOJLYJIFO TIpocTOro uucja p. /lajsee takoe nosie 6yjaeM Ha3bIBATh NPoCcmMbiM 1 0003HAYATH
qgepes [,

Onpeanenenune. Xapaxmepucmukot oyid F' Ha3bIBaeTCs HauMEHbIIEe MOJOKUTEb-
HOe IIeJIoe YUCJ0 p TaKoe, U9TO B moje F' cupaBeainBO paBeHCTBO

1+...+1=0.
———

p pas

[Tocko/bKy B TOJIe HeT JeJuTeneil HyJId, XapaKTepUCTUKA P BCET/Ia SBJISETCS MPOCTHIM
qucJioM. Ecjim Takoro 4ucja He CyHIECTBYeT, TO NOBOPHAT, 4TO 1oJjie F' uMeer xapakrepu-
cruky 0. OueBuiHO, JT000€ KOHETHOE TIOJI€ UMEET XaPAKTEPUCTHUKY, OTJIMIHYIO OT HYJIS.
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Omnpenenenne. [loakoapno < [;+,- > Mpou3BOJBHOIO KoJiblla < I;+,- > Ha3bIBa-
ercs udeanom, eCJId Jjisl TOOBIX 37eMeHTOB u € [, v € R Boinosngerca u-v € [ mv-u € 1.

Hampuwmep, mnoakonbio < pZ;+,- > sBASeTCS UAeaTOM KOJbIA IEJTbIX UHCEeN
<L+, >.

[Tycrs < F'; 4, - > — nekoropoe noje. Paccmorpum Koab1o F[x] Bcex MHOTOUIEHOB OT
nepeMeHHoOl = ¢ kKoaddunumenramu u3 noig F. Ilycrb s(z) — npou3BosIbHbI MHOTOUYIEH
u3 F|z]. Torma MHOKECTBO

(s(x)) = {c(z) - s(z) | e(x) € Fla] } (6.1)

obpasyer umeas kosibla Fx]. Bepro u obparHoe: r060i njeas xkosbia F|x]| npegcraBum
B BHJIE COBOKYITHOCTH MPOU3BEIEHNH MHOrOWIeHOB (6.1) /I MOIXOIAIIEro MHOIOUIeHA
s(x). Be3 orpanuyenust OGIIHOCTH MOKHO CIMTATH, YTO §() MHOIOYJIEH HAUMEHbIIEH CTe-
nenn B uzease (s(z)). [oap3ysick aaropurvom EBKinma /111 MHOTOYI€HOB, MOXKHO TTOKa-
3aTh, 94TO B JIIOOOM Hjease TAKOH MHOrOWIeH §(x) CymecTByeT n e MHCTBeH. PaccMoTpum
dbakrop-kobuo Flx]/(s(x)) koabma Beex muorowienos Flx] mo Moy uieana (s(z)).
Dnementamu daxrop-kosbina F[z]/(s(z)) aBasorcess BCeBO3MOKHBIE MHOTOUWICHbI CTeIre-
HM MEHbIIeH, ueM crenenb $(T), a Olepaluu CJI0KEHUsl U YMHOkKeHHsl B (DAKTOP-KOJIbIIE
HPOU3BOAATCS 10 MO0 MHOrowieHa S(z). Ecau crenenb muorowrena s(x) paBaa m u
nosie F' xonewno, To dakrop-kobio Fx]/(s(z)) comepxut B Tounoctu |F|™ s1eMenToB.

Ounpepenienne. Muorounen f(z) u3 konbna F[r| HassiBaeTcs Henpusodumvim Had
noaem F', eciu on HopMupoBaHHBIi (€O cTapmum K03 GUIEEenToM, paBHBIM 1) 1 HE MOZKeT
OBITH MPEJICTABICH B BUJE MPOU3BEICHH IBYX MHOTOUIEHOB n3 F[z] Menbmux cTeneneii.

CupaseinBa cJieayomast

Teopema 30. ITycmo f(x) — mmozousen cmenenu m ¢ KodPPuyuenmamu u3 npo-
cmozo noas F, u (f(z)) — udean, noposrcdernnuis mmozousenom f(x) e roavue F,[x).
Daxmop-koavuo Fylx]/(f(x)), cocmoawee uz p™ anemenmos, acaaemca nosem mozda u
moavko moezda, xKozda muozousen f(x) nenpusodum nad F.

IMpumep 3. Ilycrs p = 2, Fy = {0, 1}. Paccmorpum muorounen f(x) = 1+ 23 + 2.
Hecnoxmno nmpoBeputh, 9T0 OH HempuBoIUM HaJ Fh. /lelicTBUTENBHO, TAK KAK JJTEMEHTHI
0 u 1 me aBasorcss KopuaMu, 10 f(r) HE MMEET JUHEHHBIX MHOTOYICHOB T U T + 1 B
Ka4decTne jesuTesieii. JIerko mpoBepuTh, 9YTO e IMHCTBEHHBIN HENPUBOAUMbIH Hal FH MHO-
ro4sieH BTopoii crenenu x°+x + 1 takzxke ne geaut f(x). Cremosarenbno, Maorouwten f(x)
HenpuBoauM 1 10 TeopeMe 30 dakrop-kosibino Fy[z]/(f(x)) saBisercs KOHEUHBIM TOJIEM €
2% snementamu. Bee 16 ero 3;1€MeHTOB IpeICTABEMEL KAK MHOTOUJIEHBI CTEIeHH MeHbIIeil
4 ¢ onepanusiMu cj0xkenust Haj Fo u ymaox)enus no moaynio f(x). Haupumep:

(PHr+ D@+ ) ="+ + 2+ +r+ 1=+ +r+1=

vt i tr+l=a@® +2)+2’ o +1=
(#*+2)+2?+r+1=@*+1+2)+2°+2+1 =2+ 2% (mod f(x)).
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Teopema 30 TpuBOAUT K Psi/ly BOIPOCOB:

1. CymecTByet Jin HeIPUBOAUMBIH HaJl [}, MHOTOYJIEH CTeIIeHH 1M J1jid IPOU3BOJIbHBIX
MPOCTOTO YUC/IA P U TOJOKUATETHHOTO MEJI0TO ducjaa m?

2. CKOJBKO cymecTByeT HeIPUBOJUMBIX HAJ [}, MHOTOUIEHOB cTelmeHN m?

3. CymiecTBYIOT JIU ApyTrAe KOHEYHbIe MOJI !

OTBeTbl HA TU BOMPOCHI OYAYT MPUBEIEHBI B CJAEAYIOMEM pa3/ielie.

6.2 CtpoeHne KOHEYHBIX MOJIeii

Teopema 31. /[aa a0b6020 npocmozo wucaa p u 4100020 NOAOAHCUMEALHOZ20 UENAO20
YUCAG M CYuLecmsyem eduHCmeeHHoe ¢ MoUHOCMBI0 do uzomophuama nose nopaoka p™.

Komneunoe 1oJie nopsijika p™ HassiBaercst noaem Iaaya u obozunadaerca GF(p™) B decthb
HEPBOI'O MCCJIE0BATES TAKUX HoJieit DBapucra [asya.

Iopadkom TPOU3BOTHLHOTO I€MEHTA (3 HEKOTOPOTO KOHEYHOTO IIOJIsI HA3hIBATCS HAN-
MEHbIIIee [[e/I0€ 0JI0KITeIbHOe Yuc/ao k Takoe, uro ¥ = 1. HenocpeacrBenno u3 ompe;ie-
JieHust caeyer, 9To B Kouneunom noge GF(p™) nusa snementa [ nopsaka k BCe 371€MeHTBI
1,3,6% ..., 3! pazamunst. [TosTomy HOpsIOK KasKaoro sxeMenta noas GF(p™) Kore-
YeH U He mpeBbimaer qucia p —1. Daement o nosst GF(p™) Ha3BIBACTCS NPUMUMUGHBLM,
ecJId ero mopsaaoK paseH p™ — 1.

Crenyromas TeopeMa TOBOPUT O TOM, YTO KOHEUHBIX IMOJeil MOpsIKa, OTJIHIHOTO OT
P, He CYTIeCcTBYeT.

Teopema 32. I[lycmv F' — xoneunoe nose nopadka q xapaxmepucmuru p. Toeda das
HEKOMOPO20 NONOHCUMEALHO20 UCAO20 “YUCAL T CNPABEIAUBO PABEHCME0 ¢ = P™.

HokazareabcTBo. llokakem, uTo moje F MOxXKeT OBITh IOCTPOEHO KaK JIHHEHHOe
m-MepHOe mpocTpaHcTBO Haj GF(p) 11 HEKOTOPOTO MOJOKUTETHLHOTO MEeJ0r0 YUCIa M.
[TockoibKy xapakrTepucTHKa 10Jist F' paBHA P, MOXKHO 1IOKa3aTh, 4TO 1oJie F' cojpepur
GF(p) B KauecTBe HAMMEHBINEro MOANOJA. [lycth m — MomuHOoCTh Gasuca nosis I wan
GF(p), 1. e. Npou3BOJILHBI 3/1eMeHT % € F' MOxkKeT ObITh IPEJCTAB/IEH B BUJIE

u=av' + ...+ apo™ (6.2)
JUIsE HeKOTophiX a; € GF(p) u snementst v' € GF(q), ¢ = 1, ..., m JuHeiiHO He3ABUCAMBI
nag GF(p). Toraa Bepro g < p™. C 1pyroii cTOpOHbI, TaK KakK 3JeMeHTH v', ..., v™ 06-
pasyior 6aszuc noJst F', Bce semMeHTsl U Bu/a (6.2) pasiim9aHbl IPH PA3JIUYHBIX A1, . . ., Oy

u npunaaaexar noawo F. Ciaegosarenbuo, ¢ > p™. Takum obpasom, goka3ano ¢ = p™. A

[Tycrs (a,b) o3navaer nanbosbmmii obmuii gesnresns nces a u b. meror mecro ciie-
JYIOIIUe YTBEPKICHUS.

Jlemma 7. ITycmo anemenmo. 3 U Y KOMMYMAMUEHOT 2PYNnvL UMENM NopAdky k u
[ coomsememesenno, npuvem (k,1) = 1. Tozda nopadox ssremernma By pasen k.
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Jlemma 8. Ilycmov nopadox asemenma 3 kommymamuenot epynno. paser k. Tozda
nopadox anemenma (3¢ pasen ﬁ

CupaseinBa

Teopema 33. Henyaeevie snemernmo, noas GE(p™) obpasyrom yukiuueckyro 2pynny
nopadka Pt — 1 omuocumenvHo YmMHOACEHUS.

HokazareabcTBo. [lycTh n — MaKCHMAaJbHBIA HOPAI0K HEHYJIEBLIX 3JI€MEHTOB O/
GF(p™) m o« — snement mopsiiaka n, T. e. " = 1. Orciona caenyer, aro n < p™ — 1, Tak
KaK BCe N CTeHeHeil 3/1eMeHTa (v pa3JInIHbl MexKLy coboil 1 He pasHBI 0.

[TycTs 3 — NpOM3BOJLHLIN 3j1eMeHT 11014 nopsiaka k, T. e. 3% = 1. [TokaxkeM, 94TO TOTIA
k|n (r. e. k meawr n). Tpeanonoxum nporusroe: k { n. Pacemorpum snement %), Tlo
k
MemMe 8 ero MOPsAOK PaBeH oy, T. €.

k

Yucna ﬁ I 70 B3AHMHO IIPOCTBI, CJIeI0BATEIBHO, IO JIeMMe 7 MOPSIOK deMenta o - 3+
nk
paBer ¢y, T. €.

nk
(- /8(k7n))(n,k) -1
H nk
0 HCIIO s CTPOTO O0JIbIIe N, YTO TPOTUBOPEUHUT BHIOOPY N. OTCIOMa 3aK/II09aeM, 9TO
k| n. dpyrumu cioamu, n000ii HEHYJIEBOH 3JIEMEHT MOJIS ABIAETCA KOPHEM MHOTOYJICHA,

" —1 = 0. TTockoJibKy cTeleHb 3TOro MHOTOUYJIEHA PaBHA N, TO OH UMeeT He DOJIbIIe, YeM
N pa3aMYHBIX KOpHel B ganHoM 1ose GF(p™), nosromy p™ — 1 < n.

Takum 06paszoM, Mokasano, 4To B moae GF(p™) Haiimercsa sJeMeHT « TopsijiKa
n = p™ — 1. Bce nenysenbie sjiementbl GF(p™) sBJISIOTCH DA3JIMYHBIMU CTEIICHIIMU (. A

DTa rpynma, coCTOAIAs U3 HEHYJICBLIX 3JeMEHTOB, HA3BIBACTCH MYAbMUNAUKAIUG-
not epynnot noas GF(p™). Kaxapiii 06pa3yonuii J1eMeHT 3Toi Tpynibl (T. . MOpOxK-
JAIOMIAN OCTANBHDBIE 3JIEMEHTBI TPYTIIHI ), OUEBHIHO, SABIFETCA MPUMHTHBHBIM 3/IEMEHTOM
nosist. Crnpaseguso u obparnoe. Hecnoxuo nokazarsb, uro nose GFEF(p™) comepxkur B
Tounoctu @(p™ — 1) IPUMHTHUBHBIX 3JIEMEHTOB, e ¢ obo3HadaeT dyHkmmio Ditrepa. B
KauecTBe CICACTBHA MOJydaeM CJIeAyomuii pakt.

Teopema 34 (Teopema ®Pepma). Kaorcowii anemernm noas GE(p™) ydosaemeops-
em YpasHeHuIo

BEGF (p™)

Teopema 35. Jlasa m006ix ssemenmos a,b npouséosvHo2o noafs Tapakmepucmuky p
U 100020 NOAOAHCUMENLHO20 UEA020 YUCAL S CNPABEOAUBD PABEHCNGO

S

(a—b)P" =a? — b,
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B sakurouenue npuBeaeM CBOJKY OCHOBHBIX PE3YJIbTaTOB, OTHOCAIIINXCSI K TOJIsiM [arya,
U HEOOXOJIMMBIX HaM B JaJIbHeIeM:

1. Yucao anemenmos npou3eonvbH0o20 NOAA FG,./I,yCL pacHo cmeneru nNpocmozo 4YUucaa.

2. Jlaa mobozo npocmozo wucaa p u 1006020 uyeaozo wucaa m > 0 cyuiecmeyem
eduncmeentoe ¢ mourocmuvio do uszomoppusma noae Laaya GF(p™).

3. Haumenvwum nodnosem noss GE(p™) aeasemes nose GF(p).

4. Ilose GF(p*) aeasemea nodnosem nosa GF(p™) mozda u moavko mozda, xozda
k deaum m.

5. Jloboe noae GF(p™) codeporcum xoms Ovi 00ur npumumueHbili sAemenm.

6. Hao xaosrcowm nosem Taaya GF(p) cywecmeyem xoms 6o, 00ur npumumuenoli
MHO204AEH N1000T NOAOHCUMEALHOT CMENEHU.

6.3 IIpumMepbl KOHEYHBbIX I10JI€il

IMpumep 4. [Tocrpoum koneunoe nojte GF(24) ¢ nomompio Teopembr 30. Mcnoabsyem
7151 3TOT0 HenpusoanMblit Haj GF(2) muorounen f(r) =z +z + 1.

Cornacro Teopeme 30, mome GF(2%) cocromT m3 Bcex MHOTOUICHOB CTeIeHH
MeHbIneit 4:

0 x x? 3
1 r+1 22 +1 23+ 1
2?2+ 2+
2 +r+1 B +r+1
x® + 22
P+t +1

2+
B+t +r+1

OmpeeiiM Ha MHOXKECTBE 3JIEMEHTOB OIle€paIluid YMHOXKEHHSA U B34THUsS OOPaTHOTO
sneMenTa. OCOOEHHO y/IOOHO HMPOU3BOJUTH 3TU OIEPANUH C MOMOIIBIO IMPEeICTaBICHUS
BcexX HeHy/MeBBIX 37eMeHToB mosig GF(2') B Buze cremeHeii HEKOTOPOro IIPUMU-
TUBHOrO 3jementa «. Bbibepem ero. Herpyguo mupoBepurb, 4TO B KadecrBe «
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MOKHO B3sTh x. JleficTBUTEIbHO, BCe €ro creneHu 10 MOy f(x) pasiaudHbl MexKIy

coboit:

= = = © 00 N O O W N
N = O
| | e 1 | |

—
w

—
~

8 8 8 8 8 8 88 8 8 88 8 8 8

—
ot

x
x
zT,

T+ 1,

mQ—I—x,

3+ 22,

2+ x4+ 1,
2+ 1,

x3+x,
22+ + 1,
3+ 2? + 7,
242?41,
x4+ 2?41,
341,

1

)
2
3

b

Y

1, CJIeJOBATEIbHO, IOPAIOK & paBeH 15 = 2% — 1.

[IpegcTaBuM 1moJIe ¢ TOMOIIBIO TAOJIHUIIBI. 3AeCh YUCIO0 ¢ JIJI 9JeMeHTa Y = (' Ha3bIBa-
ercs Ao2apugmom 7y (IO OCHOBAHUIO BRIGPAHHOTO MIPUMHUTHBHOTO 3JIeMeHTa ). Jlorapudm
ssiemenTa 0 rojiaraloT 0ObIYTHO paBHBIM —0O.

CiozKeHne 3J1eMeHTOB MOJI ABIAeTCA OOBIYHBIM CJIOZKEHHEM II0 MOIYJITO 2 1 He 3aBHCUT

JlorapudwMm | Crenenp npuM. 3j-ta | Muorodsen | Bektop
—00 0 (0000)
0 1 (1000)
1 o (0100)
2 a? (0010)
3 a? (0001)
4 ot r+1 (1100)
5 o® ? +x (0110)
6 a® 23+ 22 (0011)
7 ol P+ +1 (1101)
8 ad r? 41 (1010)
9 a? P+ (0101)
10 alf P +r+1 (1110)
11 all i (0111)
12 at? 4+ +x+1 | (1111)
13 al? 4 a?+1 (1011)
14 att 3+ 1 (1001)

OT BBIOOpA MPUMHUTUBHOTO 3j1eMeHTa B mnoJie. Hampuwmep:

YMHOKEHUE HEHYJIEBBIX 3JIEMEHTOB I10JIsl, IIPEJCTABIEHHBIX B BUJE CTEleHel pPUuMU-
TUBHOI'O 3JIeMEeHTa, IIPOBOJIUTCS IIyTeM CJIOYKeHUsI HoKa3aTreJseil crerneneil mo moayso 15,

o +al' =@ +r+ 1)+ @+t + ) =2+ 1=a"




6.3. IIpuvepbl KOHEIHBIX TOJIEH 71

HarmoMumM, 9To o'’ = 1. Hampmwvep:
(@34 2?) - (P + 2+ 1) =ab ¥ =a0medd) — ot — 5 1.

Ouepanuss yMHOKEHHsI, B OTJIMYME OT CJIOXKEHHsI, 3aBUCUT OT BbIOOpa MHOTOUsIeHA [(T).
Tem He menee, corsiacHo Teopeme 31, Kakue Obl HEIPUBOIUMbIE MHOI'OUJIEHBI OANHAKOBO
CTelIeHn HU UCIIOJIb30BaJIUCh HaMMU [IJId TTOCTPOEHUA 110JIdA, BCE IMOCTPOEHHBIE TTOJIA 6y,ILyT
n30MOPMHBI MeK Ty cOo0Oii.

Haxoxienue obparHoro sjieMenTa 1nokazxkeMm Ha npumMepe. Haitjiem obparHbiit sjiemMenT
Juis MEHOrOwIeHa ° + x2 + 1 = 0413, T. €. TAKON HEeHyJIeBOI 3j1eMeHT ak, 9TO

a® . af =1.

g sToro 3amuiineMm
@Bttt l=aB=alB=a? =42
Hetpyano mposeputh, 4T0 pernienue HaiiIeHO BEPHO:
(P +22+ 1) (@) =2+ + 2% = (2 + 2) + (z+ 1) + 2¥) mod (f(x)) = 1mod (f(z)).

Bo3M0OKHOCTH HAXOIUTDH TS 3aJaHHOTO HEHYJIeBOI0 MHOTOWIEHA 0OpaTHBINA obeclednBa-
eTCsl HEIPUBOAMMOCTBIO MHOrOWIeHa f(x) (aHag0orn4Ho u B 0b1eM Bujie Jyist JJH06Oro 11015

Hajg GF(q)).

Hec10:KHO yOeanThCSA, 9TO B HOCTPOCHHOM IHOJIe 37TeMeHTH o, ot TakyKe TPIMUTHB-
HBIe, a 3JTeMeHTH %, o® IPIMITHBHBIMA He gBII0TC. Hampmvep, CTemenn sJeMenTa

HOPO2K/1IaX0T HE BCE 110JI1€, a TOJIbKO 3JIEMEHTbL

a? ab o’ a'? al® = 1.

Bamernm, 9T0 MHOrOWIeH f(z) B HAmleM cJiydae MPUMHTHBHBIN, MOCKOJIBKY I, €ro
KOpEeHbD TI0 TMOCTPOEHUIO, IBIIEeTCSI MPUMUTUBHBIM 3JIEMEHTOM .

IIpumep 5. [loctponm kKoneunoe noie GF(2%) ¢ nomompio nenpusogumoro nat GF(2)
mHOrOwIeHa f(zr) = 2t 4+ 23 + 22 + o + 1. HaiineM HeKOTOPBIil MTPUMHTHBHBIH 37eMEHT
nona GF(2'). Hanpumep, 3/1eMeHT T He ABJgeTcs IPEMUTHBHBIM 37eMEHTOM, TaK Kak ero
HOpsAI0K pased b, uto Menbie 24 — 1 = 15. JeifcTBuTe/bHO,

=z 2t =2 (2® +2° + 2+ 1) mod(f(x)) = 1 mod(f(x)).

B kadecTBe MpUMHUTHUBHOTO 3J€MEHTa MOXKHO B3ATb & + 1, HECJOKHO YOEIUTHCS UTO €ro
MOPAI0K paBeH 15.

[TpeacraBuMm 1oJie ¢ TOMOIIHIO TAOJIMIBI, IPUBEIeHHON Ha c. 67.
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JlorapudwMm | Crenenp npum. 3j-ta | Muorodsaen | Bektop
—00 0 0 (0000)
0 1 1 (1000)
1 a r+1 (1100)
2 a? 2 +1 (1010)
3 o? B4+ r+1] (1111)
4 ot 42+ (0111)
5 ab P +a?4+1 (1011)
6 al x3 (0001)
7 al 4+ ax+1 (1110)
8 a® 3+ 1 (1001)
9 a? x? (0010)
10 o't 3+ 2? (0011)
11 all 4+ ar+1 (1101)
12 a'? T (0100)
13 al ?+z (0110)
14 alt 4 (0101)

TaxkmM 00pa3oM, MBI yOeIUINCH, UYTO C MOMOIIBIO PA3JINIHBIX MHOTOYICHOB MOZKHO
HafiTu pasiuunbie (HO SKBUBAJICHTHBIC) peacTasienus nojs Lanya GF(24).

6.4 Ywmcao HeMpUBOAUMMBIX MHOTOYJIEHOB

Dynryua Mébuyca onpenessgeTcs caeayONIM 06pa3oM:

1, ecmmd =1,
u(d) =< (=1)", ecan d — npousBejieHue T PA3JIUUHBIX TPOCTHIX YUCET;
0, B oCTaJIbHBIX CJIy4YasXx.

Paccmorpum npocroe nosie GF(p). O6oznaanm depes [, (m) 9ucI0 HeIPUBOAUMBIX HAJL
GF(p) MHOIOWIEHOB CTENeHU M.

Teopema 36. Cnpasedauso

Yupaxkuenne 32. YcTaHOBUTH ©30MOPGU3M 110JIei, IPUBEIEHHBIX B IpuMepax 4 u 5.
Yupaxkaenue 33. Jlokaszarb jeMMbl 7 1 8 U TeopeMmy 35.

Vupaxkuenue 34. Haiitn Bce HenpuBogumbie Haj GF(2) MHOrOUIEHBI CTEICHH, He
L PEBBIIAONIEH 3.

Vupaxkuenue 35. [Tocrpouts noje Faaya GF(2?), ncnoan3ys HeNpuBOAMMbBIiT MHO-
rowien x? + x + 1. HaiiTu TaGIUIBI CI0XKEHNA U YMHOMKeHHA 3J1eMEeHTOB OIS,
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Vapaxkuenue 36. [Tocrpouth japa npeicrapienns noa Lamya GF(23), nucnoansys
OJINH HeIIPUBOIUMBIHl MHOTOWIeH 12 + = + 1 u pa3Hble IPUMATHBHEIE 3JIeMEHTHL. YKa3aTh
130MOpPMU3M ITUX IPEICTABICHHUIA.

Vupaxkuenue 37. JlokazaTb, uro muorounen M(z) = 2° + z* + 1 menpusoaum HaJ

GF(2).

Yupaxuenne 38. [locrpours nosis [asya:

a) GF(2?), ucnonn3ys nenpusogumblii Muorowien z° + 2 + 1. Tokazars usomopdusm
MeZK/ly MOCTPOEHHBIM TMOJIEM U TIOJIEM W3 yhparKueaus 306;

6) GF(3%), ucnonb3ys HeMpUBOAUMBIIT MHOrOWIeH T2 + = + 2;

B) GF(3?), ucnonb3ys HempuBOAUMBIH MHOTOWTEH T2 + 27 + 1.
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I'maBa 7

Hukanyeckue KoJabl

B »To0il ry1aBe paccMOTpHM BBeJIeHHE B TEOPHUIO NMUKJIMIECKHX KOJI0B. BarKHOCTHL IMUK-
JINYECKUX KOJIOB 00yCJIOBJIEHA TeM, 4TO:

1. Knmace muKInIecKux KOJI0B COIEPXKUT MHOTO KOJIOB ¢ KOHCTPYKTHBHO 33/ 1aBAEMbIM
paccTosiHueM; C KOJOBBIM PACCTOsIHUEM, OJIM3KUM K HAUJIYYIIEMY, B OCOOEHHOCTH JIJIsi KO-
noB aanabl < 100.

2. Jlyigd nUKJINIecKUX KOJIOB CYIIECTBYIOT CPABHUTEIBHO MIPOCTHIE ajarebpandeckue Me-
TOJBI JIEKOIUPOBAHUS U KOJWPOBAHMUS, TTOITOMY MMEHHO IMUKJINYECKue KO/Ibl Jallle BCero
UCIIOJIB3YIOTCS JIJIsh 1epejadn nH(OpMAIUd B KaHa/IaxX CBA3U € IIyMaMH.

7.1 Omnpeaeienne m CBOICTBA

Onpenenenne. JIunelnolii KoJ AJIMHBL 7 HA3BIBACTCS UYUKAUYECKUM, €CIH JJIS JTI000TO0
KOJIOBOTO CJIOBA (X1, T, ..., Ty) CIOBO (Tg, ..., Tp,T1) TAKIKE SABISETCA KOJOBBIM.

[ukimueckue Koapl 00J1a/1a10T HECJOAKHBIME MPOLE/LY PAMU KOJUPOBAHUS U JIEKOUPO-
BaHMUsl, UMEIOT XOPOIIne aaredpandecKkne CBORCTBA, UX TPYIIHI AaBTOMOPMU3MOB COAepKaT
MUK/IMYECKUe [MOJCTAHOBKH. Bce coBepileHHbIe JIMHEHHbIE KOjbl, Kojibl Puga-Masiepa u
JIPYTHe KOJbI, IOCTPOEHHBIE €Ile J0 TOro, Kak [IpedH/zK BBEJ HOHATHE MUKJIAIECKOIO
KOJa M OMHCAT O0IIHe CBOWCTBA TAKUX O0BEKTOB, ABJISIOTCA KOJAME, KOTOPbIE TOC/Ie Te-
PECTAHOBKM KOODJMHAT M HECYIECTBEHHONH MOAM(MUKAINY OKA3bIBAIOTCSA IMUKIMICCKUMU
(em. |5]). Muorue BarkHeiime 6JI0KOBbIe KOJIbI, OTKPBITHIE TI037Ke, TAKKe OKA3AINCh JHO0
HUKJINIECKUMU, JTU00 TECHO CBA3AHHBIMU C HUMMU.

[Tepeiigem K anrebpamvecKoMy OMUCAHUIO MUKJIHIECKHX KOIOB C IIOMOIIHI0 MHOTOUIE-
HOB ¢ KO3 dumumenTaMu n3 KOHEIHOTO MO,

O603naunm uepes F' npocroe koneunoe nose GF(p), rae p — npocroe unciao. Hamom-
UM, 9TO F'[X] — KOJIBIIO BCEX MHOTOMICHOB OT MEPEMEHHO 2 ¢ Koaddunuentamm us nojs
F. Ono acconuaTuBHO, KOMMYTATHBHO U COJEPKUT eunuIly. B Kobie F[z] paccmorpum
dbakrop-muoxkectso F[z]/(x™ — 1), cocrosiiee u3 KIaccoB BHYETOB KoJblia F|x] mo mMo-
qymio Muorowiena ' — 1. Muoxkectso Flz]/(z™ — 1) 3aMKHYTO OTHOCUTEIBHO OTEpaluii
cioxkenus (+) u yMHOXKeHHs (-) M, CJI€JOBATEJLHO, SIBJSIETCS KOJIBIOM. 3aMETHM, 4TO
muO)kecTBO F[2]/(2™ — 1) me aBasercs nosem, Tak Kak MHOTOWIeH £ — 1 mpuBoanM.
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Bce MHOTOYJIEHBI CTEIIEHU HE 60ﬂbﬂle n— 1 MOoMa/Jal0T B pa3/JINIHBIE KJIaCChl BHIYETOB U
UX MOKHO BBEIOpATh B KAUeCTBe MpeICTaBUTeIel STHX K1accoB. Kobllo KJIaccoB BHIYETOB
F[z]/(2™ — 1) uzoMopdHO n-MepHOMY BEKTOPHOMY HPOCTPAHCTBY HaJ F:

1

c(z) =co+eir+ e’ + .. 12" = (co, 1,6, ..., Caot).

B ,ZL&JIBHGI'?’IIHGM MEI HE 6y,ZLeM pa3anvdaTb BEKTOPbI U MHOI'OYJIEHBI CTeIIeHU MEHbIIIe 7, HO
13 KOHTEKCTa BCeria 6y/1eT IIOHATHO, pedb UJAEeT O MHOI'OYJICHAaX HWJIX O BEKTOpPaX. HyCTb

JaH MHOI'OYJIEH
n—1

cr'=co+ e+ ...+l

c(x) =

(]

=0

Ob6o3naunMm 4epes
n
f i1 n—1
c(x) = E Cni® ™ = Cp_1 + Cpox + ...+ CoT
i=1

uneepcuto MHOTOUJIeHa ¢(x), 3amnucaB ero K03 UIMEHTHI DU CTEHEeHsIX T B 00paTHOM
HOPSIKE.

Ounpepenenne. Hoearom I xonbna Flx]/(z" — 1) Ha3biBaeTcst Takoe ero JimHeiiHoe
HOAIPOCTPAHCTBO, 4TO st JI0ObIX MEOrOWIeHoB 1(x) € Flx]/(z™ — 1) u ¢(x) € I muoOro-
wien r(z) - ¢(x) npunasiexnur I.

Teopema 37. IToonpocmpancmeo koavua Flx]/(x™ — 1) asasemcea yuriusveckum Ko-
dom mozda u moavko moeada, K020a 0HO 06PA3YEM UIEAN.

HoxkazarenbcTBo. CylecTBEHHBIM MOMEHTOM B JIOKA3aTeJIbCTBE ITOi TeOpeMbl siB-
Jasiercst To, 9To B Kosble Fx]/(z™ — 1) yMHOMkKeHHe MHOrOY/ieHa Ha T COOTBETCTBYET
MUKJIHIECKOMY CJIBUTY BeKTOpa B mpocrpancTse . JlelicTBUTEIBHO,

2-c(@) =2 (co+crr+ cox®+ ...+ coa™ ) =

2 -1
=Cp_1t+Cox+ T+ .. F ™

Takum oOpa3om, BEKTOD
(Co7 Ciy o v\ Cnfl)
1epexo/IuT B BEKTOP
(Cn—la Co,C1y o vy Cn_2)7
T. €. TIoJIy9aeM IuKJIndeckuit casur B £,

HeobxonumocTts. [lycts C' — nukangecknii Koz, Torma mys 11060ro Ko0BOro BEKTO-
pa ¢ ero nuKJIHYecKuii caBur npuaaeskut C. JIpyruMu cioBam, Jijis J000r0 KOJTOBOTO
muOro4eHa ¢(r) npousseaenue x - ¢(x) npunaaiexut koay. OTCioga Cieayer, B ULy Jiu-
HETHOCTH TUKIMYeCKOro Koja, 9to f(x) - () sBaserca KogoBbiM MHOrOUIEHOM, 1€ f(7)
— mpou3BoJbHBI MHOTOWIeH u3 F[z|/(2™ — 1). Caenosarenbno, C' — wumean B KOJbIe
Flz]/(z™ —1).

Hocrarounocts. [Iycts noampocrpanctso D koabia Flz]/(x™ — 1) o6pa3syer umead.
Paccmorpum muorowien ¢(x) € D. Tlo oupenenenuto upeana, muorodsen f(x) - c¢(z) npu-
naiexxut D s oboro muorowtena f(x) € Flz|/(2" —1). Torpa - ¢(x) npunaaiexur
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D. Kpowme Toro, cymma JIioObIX JIBYX 371€MeHTOB u3 [ TakzKe jieKuT B D U, cjieloBaTe /b
HO, D — MUKINYECKUil KOJI. A

I/IHOFILa IIOJIB3YIOTCA CJIeAYIOIUM 9KBUBAJICHTHBIM OlIpEJe/ICHUEM IUKJINIECKOI'O KOIAA.

Omnpenenenne. [lukiuueckum K®odom JJIMHBI N HA3BIBAETCSI HJeaJ KOJIbIA

Flz]/(z™ —1).

7.2 Ilopoxkagaoniuii MHOro4JjieH

Bribepem B mukntdeckoM Koje C' HeHyIeBOii MHOTOY/IeH HAMMeHbIIeil cTereHn, 0003HATIM
€ro CTemeHb 4epe3 r. YMHOKHM MHOIOWIEH Ha MOAXOISINHI 3JeMeHT moysd F, 9ToObI
OH CTAJT HOPMUPOSakHbLM (AT npueedernvim), T. €. ITO0B KO(hDMUIUEHT Tpu cTapiiei
CTelleHn MHOrO4JIeHa paBHsica 1. B cuiy smmueitnoctn koga C) 1OJIyYeHHbIT MHOTOYJIEH
takzke npuHajiexur C. O6o3naunm ero depes ¢(z).

Vreepxkaenue 12. [Jukauueckud kod codeporcum eduncmeenmuill Henyiesots Hop-
MUPOBAHHVLT MHOLOUAEH HAUMENLULET CTNENEH.

HokazarenbcTBo. [TycTh CymecTByOT ABa HOPMUPOBaHHBIX MHOTOWIeH] f () n g(7)
HauMeHnbIeii crenenn 7. Torga muorowten f(x)—g(z), npuHaaIeKamuii KoLy, iMeeT cre-
[eHb MEHBIIE 7', 9TO MPUBOJUT K MPOTHBOPEIHUIO. A

Onpenenenne. HopMupoBanublii HeHYJIEBO MHOTMOYJIEH HAUMEHbBINEH CTENeHU, TTPU-
Ha/JTeZKaIA i MITKTTIECKOMY KOy, Ha3bIBAETCS N0POHCAa0U UM MHOTOUTIEHOM KOJIa 1 000-
3HavaeTcs yepes g(x).

Teopema 38. [[ukauueckut K00 cocmoum u3 6cexr MHO204AeH06 UJG

f(@) - g(x),

2de g(x) — nopootcdarouyuti mrozouner Koda cmenenu r, cmenens f(x) menvwe (n —r).

Hoka3zarenabcrBo. COrIacHo TOMY 9TO TUKJIHYECKUIT KO 00pasyeT ujeas B KOJIBIIE
Flx]/(z"—1) (cm. Teopemy 37), npoussenenue joboro muorodnena f(z) uz Flx]/(z" —1)
Ha ¢(x) npuHajekuT Kojy. Torjga npoussejieHusi ¢(T) Ha BCe MHOIOYJIEHBI CTENEHH,
MeHbleit ueM n — r, npunaaexar C.

[TokazkeM, 9TO JIFOOOi KOTOBBIl MHOTOU/IEH [IPEJICTABAM B BH/IE TAKOTO IIPOM3BE/ICHHUSI.
[Tycrsb ¢(z) — xomoBbiit. Pasmennm ero B koabne Fx]/(z" — 1) ¢ ocTaTKOM HA MHOTOUJIEH
g(x). meem

c(x) = q(x)g(x) + s(x),

rje crenenb s(r) Menblre cremnedu ¢(x), a crenenb ¢(z) MeHbine n — r. MHOTOYIeH

s(x) = c(x) — q(v)g(z)

ABJIFIETCS KOJMOBBIM, TaK KaK CjlaraeMble B TIpaBoii yactu npuHasiexar kogay C u oH Ju-
neen. Ho crenenb muorouiena s(x) menbure crenenn ¢(x) — HauMeHbLIEH CTENEHU HEHY-
nesoro muorowtena B C. Orciona s(x) = 0 u ¢(x) = g(z)g(x), 7. e. ¢(x) nmeer B KoJbIE
F[z]/(x™ — 1) nckomoe mpecTaB/ieHue. A

Teopema 39. I[uriuueckudl K00 daunvl N ¢ NOPOHCOGOUUM MHO20UACHOM §(T) CY-
wecmeyem mozda u moavko mozda, xkozda g(x) desum x" — 1.
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HokazarenbcTtBo. Heobxoagumocts. [lycrs man mukandeckuiit kox C' JJIWHBI N C
HOPOKIAIONIMM MHOrOUIeHOM ¢(x). PacemMoTpum B KoJiblle MHOTOUJIEHOB F[x] nenenue
muorowiena " — 1 Ha ¢g(z) ¢ ocTaTKOM:

2" =1 =q(x)g(x) +r(z),
rie crenenb 7(z) menbie crenenn ¢(z). [lepexoust B kKoubio Flx]/(x" — 1), nosyqaem

0= g(0)g(z) +r(a).

Orcrioga —r(x) = q(z)g(x). 13 reopembr 37 ciegyer, uro muorowten ¢(x)g(z) npunae-
JKHUT KOJY U, CJIeJ0BaTe/IbHO, MHOrOWIeH —r(z) KoaoBbiii, npuuem deg r(x) < deg g(x),
YTO HPOTUBOPEYHT yTBepKaenuto 12. Takum obpazom, r(z) = 0.

Hocrarounocts. Ilycts muorownen g(z) gemur ™ — 1. Tlokaxkem, 4To TOrja cy-
MECTBYeT MUKJINYECKUH KOJ JUTMHBI 1 C MOPOXKIA0IMUM MHOTOWIeHOM ¢(x). TTOCKOIBKY
crenenb ¢() paBHA T, TO U3 TEOPEMbI 38 CJIEYET, YTO PA3MEPHOCTh KOJA JIOJIKHA ObITh
PaBHa YUCJIY Pa3/IMYHBIX MHOI'OYJIEHOB CTEII€EHU HeE 6OJIBH_[6 n—r,T. € paBHa N —T.

PaccmorpuM BeKTOpPBI, OTBEYAIONHE MHOTOYIEHAM

n—r—1

g(x),zg(x), 2%g(x), ..., 2" g(x),

riae r = deg g(z). Byayduu MUK IMIeCKUME CIBUTAME BEKTOPA ¢(T), OHU JOJIZKHBI TIPHHA/T-
JIeZKaTh HUKJIMYECKOMY KO/Yy C IOPO2K/IaX0OIUM MHOI'OYJIEHOM g(fl:) TaK KaK 9TH IUKJIN-
YeCKue CABuru JINHEITHO HE€3aBUCUMDbI, TO MaTpHUILQ

0 1 T z7‘+1 n—1

g 91 .. g 0 ... ... 0 g(x)
0 g9 g1 ... g 0 ... 0 zg(x)
G = . . . . ~ IBQQ(@ )
O ... 0 9 o ... g O e
0O ... ... 0 g g1 ... gr " g ()

riae
9(z) =go+ gz + ... + g2,

uMeer paHr n — r (T. e. UMeeM HCKOMOE KOJHYECTBO KOJIOBBIX CJIOB B Ga3uce JTHHEHHO-
ro koga). Ciexyer orMeTuTh, uro B Marpuily G He MOXKeT OBITh BKJIIOUEH MHOTOUIEH
2" g(x), i > 0, HOCKOJIbKY 110 MOJY/IH0 MHOTOYIeHa " — 1 OH paBeH JinHeiHoil KoMOu-
HAIIMK y7Ke BHIOPAHHBIX B (G MHOTOYJICHOB.

[TokazkeMm, 9TO JUHEHAHBINA KO ¢ MOpoXKpatomneil Marpuieil G aBagercda uaeaaoM, Io-
POXKIEHHBIM MHOTOWIeHOM ¢(), B Koabie Flz|/(z™ — 1) u, Kpome Toro, Muorouwnex g(x)
MMeeT HAMMEHbBIIYI0 HEHYJIEBYIO CTelleHb B 3TOM mjease. g 3Toro npeacraBuM BeKTOP,
OTBEYAIONIHIi TIPOU3BOJIHLHOMY MHOTOUJIEHY

u3 Flz|/(z™ — 1) B Buje nuHeiinoil KoMOuHAIUN CTPOK MaTpuibl GG, o Teopeme 38 3TOT
MHOTOJIEH KOJOBBI, 371eCh u(x) = ug+u T+ . . A Up_y_12" "L, JleficTBUTEIBHO, HMeeM

f(x) = (uo+wz + ...+ un_,,_lx"_’“_l)g(x) =
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n—r—lg<x).

Ocraerca 1moKas3aTb, 4TO B 9TOM KOJe He CYIIeCTBYeT HEHYJIEBOI'O MHOIOYJIEHA CO CTe-
HeHbI0, MeHbIeil crenenn MHorowieHa ¢(z). Eciau Hajizercs Takoil KOMOBBIH MHOrOYIEH
r(z), TO OH mpeJCTABEM JHHEHHBIME KOMOHHANUSAME CTPOK Marpuipbl G, T. €. UMeeT BUJ
r(z) = q(x)g(z) mnsa mekoroporo muorouwnena ¢(x). Orcioga, mepexois B Koablo Fx],
oIy 9aeM

=upg(x) + wizg(z) + ... + Up_r_1T

q(x)g(x) —r(x) = («" = Dp(),

rie p(x) — HeKOTOPBIH MHOTOUIeH. I3 mocjieiHero paBeHcTBa

r(z) = q(x)g(z) + («" — p(),

snechb g(z)| (" —1) u, crepoBaresnsuo, g(z)| r(z), uro HeBosmoxkHO B F[z], T.K. deg(r(z)) <
deg(g(z)). Cnenoarensho r(x) = 0. Takum 06pa3oM, MUKIHICCKHA KO/ C TOPOZK TATOIIIM
MHOIOY/IEHOM ¢(Z) HOCTPOEH. A

CrnenctBue 9. B xauecmse nopostcdarouseti Mampuuyb, YUuKAUYECKO20 K00a OAUHDL
n ¢ nopostcdarougum mrozouserom g(xr) = go + g1 + ... + g&" Mmoocem bwms 63ama
MaAMpuYa

9 9 --- g 0 ... ... 0
0O 9 ¢ --- g 0 ... 0
G = S . (7.1)
O ... 0 g g .. g O
0O ... ... 0 g a1 ... Gr

Marpuma G umeer n CTOJOIOB U 12 — " CTPOK.

7.3 KoaupoBaHue IMUKJINYECKNX KOJI0B

Onpenenenune. Kox AauHbl N pa3MepHOCTH k HA3BIBAETCS CUCTEMAMUYECKUM, €CJIH TT0-
cJie BBIUEPKUBaHUS HEKOTOPHIX (1 — k) ¢TOAOIOB U3 €ro KOJOBOM MaTPHIbl OCTAIOTCS B
TOYHOCTH BCe Pa3JIMUHble BEKTOPBI JAJIUHBL k.

YrBepxkaenue 13. Jo60l yurxsuveckutl ko0 2K6UBAAEHMEH CUCTMEMAMULECKOMY
K00Y.

JIst MEKINYIeCKOro KOJa CYIIECTBYeT MPOCTO CIoco0 HAXOXKIECHUS MOPOKIATOIIeit
MaTPHUIBl B KAHOHUYIECKOM (MJIM IPUBEIEHHO-CTYIeHYaToM) Buje. [Ipu srom mostygaercs
MOPOK/IAOIIAs MaTPHUIA TOTO YK€ KOJA, a He 3KBHBAJEHTHOTO. DTO CYIIECTBEHHO, IO-
CKOJIBKY TI€PeCTaHOBKA KOOPJAMHAT MOXKET HapYIIUTh CBOMCTBO IMUKJIUIHOCTH.

PaccMorpuM HECKOJIBKO OOIIUX HPUHIIAIIOB KOAUPOBAHUS IMUKJINIECKIX KOIOB.

ITepBoiii cucremaTudyeckuii koaep. Ilycrs mukamyeckmii kogq C' AIHHBL 17 AMeeT
nopox aaouuii Maorousien g(x) crenenu 1. Torpa pasmeprnocts k koga C pasua n—r. s
MOCTPOEHUsI TOPOKAafoIIeil Marpuibl G OCYIIECTBUM JIeJIEHHE ¢ OCTATKOM MHOIOYJIEHOB

na g(z). Umeem
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n—2

2" = g(x) - az(x) + ro(x),

2" = g(z) - ap(z) + ri(x).

[TockoubKy KaxKapiii MHorowien " —ri(x) qous i = 1,2, ..., k peaurcs na g(z), to
OH siBJIsleTCsE KOJOBBIM 110 Teopeme 38. Crenenb ocrarka 7;(x) ue npesbimaer r — 1. Ilycrs
MHOTOWJIeH —17;(X) nMeer BH

—T; (33') = )\iyrfl.%ril + )\1'771723;72 + ...+ )\i,O-

[Topoxk atotasi MaTpuia

xnfl l,n72 z" $r71 xr72 xO ¢ :
n—
1 0 0 )\1 r—1 )\1 r—2 R )\1 0 x — T (ZE)
R k) ) ( -
n—2
G — 0 1 ... 0 >\2,r—1 )\27,«_2 R )\2’0 N — 7Ty (;p) ’
(—
0 0 ... 1 )\n—r,r—l )\n—r,r—Q s )\n—r,O xn—k _ T'k(ilf)
'—

CTPOKM KOTOPOH OTBedarorT MHOrOouwaeHam x" ' —r;(x) mas i = 1,2,... k,  umeer
IPHUBEICHHO-CTYIIeHIaThil Bua. TakuMm 00pa3oM, [ JaHHOTO NUKJIMYECKOrO KOjaa Haii-

JEeHO CHCTeMaTH4YeCKoe IIpeacTaB/IeHue.

Bropoii cucremarnueckuii kogep. MOXHO PaccMOTPETh CHCTEMAaTHICCKOe KOIH-
poBaHue /ISl UKJIMIECKOTO KOJA JJIMHBI 1 C TIOPOKIAMONIMM MHOrO4IeHOM ¢(x) cTenenn
r 6e3 HCIIOIBL30BAHUS ero IOpoXKaalomeil Marpunsl. IlycTs 3amana nadOpMAIMOHHAS 1I0-
CJIeI0BATEILHOCTD

a=(ag,aq, ...y 1),

k = n — r. PaccMoTpuM MHOrOWIeH
f(z)=ap+ oz + ...+ oz
JHomHoxKag ero Ha ", IMeeM MHOTOYJIEH
2 f(7) = apr” + a4 g™
Pasznenus muorownen x” f(x) Ha g(x) ¢ ocraTkoM, moIydnM
o' f(z) = g(x)q(z) +r(z),

rie crenenb r(x) menbure r. Tak kak muorouwsten x” f(x) —r(z) nenurces na g(z), To 110 TEO-
peme 38 OH mpUHAAIEKAT KOy B cuty Toro uto () He MEHSET MOCIeHNE K KOMIIOHEHT
BEKTOpa, OTBevaronero Maorowieny z’ f(x) — r(x), 5TH KOMIOHEHTHI COBNATAIOT ¢ KOM-
HoHeHTaMi HHGMOPMAIHOHHOIT IToCIe[0BaTeIbHOCTH (v. TakuM 06pa3oM, ecim MHOTOU/IeH
—r(x) umeer B

—r(z) =X+ Az + ..+ N

TO HHGOPMAIMOHHOMY OJIOKY

a= (o, ay, ..., ap_1)
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OTBEYaeT KOJ0BOE CJIOBO

c= ()\07)\17 ey Arl1, 0, QL Oék—1)-

Hecucremaruueckmnii kogep. PaccMoTpuM pocToe HecucreMaTHIeCKOe KOITUPOBa-
HUE JIJIs UKJIAYECKOTO KOJA JJIMHBI 1 ¢ TOPOXKIAONIUM MHOTOWIEHOM ¢(X) cTerneHu r.
[Iycts nndopmanuonnomy OJI0KY

a=(ag,aq, ...y 1),
k =n — r orBevaer MHOrO4IeH
flz)=ap+a1x+... a2t
ConocTaBuM eMy KOJIOBBIii MHOTOUWIEH ¢(T) MO MPABILIY
c(x) = f(x) - g(x).

Yupaxkaenue 39. Haiitu jBa cucremarndyeckux Kojepa Jijisi KoJja JJIMHBI 7 C I10-
poxk gatonum MuorodwsienoM ¢(z) = x® + x + 1. C noMoIIbIo BTOPOTO CHCTeMaTHYeCKOTo
KoJiepa 3akoaupoBarh BekTop (1101).

7.4 IIpoBepouHbIii MHOTOYJIEH

[To Teopeme 39 mopoxgaromuii MEOrOwIeH ¢(x) aeaut Muorownen x™ — 1.

Ounpenenenne. Muorounen h(x) Takoii, 9To
g(a) - hz) =" -1
HA3BIBACTCS NPOGEPOUHBIM MHOZOUACHOM IUKIIMYeCKOro Koja. Ero crenens k pasna n—r.

Vreepxkaeuue 14. Jlia npousdeosvhozo k0006020 MH0204AeHA C(T) YUKAUYECKOZO
Koda ¢ nposepounbm MHozouserom h(x) cnpasedauso c(x) - h(x) = 0 no modyaro mmozo-
wnena " — 1.

HoxkazareabctBo. CorsacHo Teopeme 38, J000i KOJOBBIN MHOTOUIEH ¢(T) MUK/IH-
Jeckoro kogaa umMeer Buna ¢(z) - g(x) u, ciemoBaresnbho, B dbakrop-koabie Flz]/(x™ — 1)
CIIPABEJIJTUBO PABEHCTBO

c(x) - h(z) =q(x) - g(x) h(x) =q(x) (" —1) =0.

Teopema 40. IIposepounas mampuya YUKAUYECKO20 KOOG OAUHDBL N C NPOBEPOUHBIM
mrozounenom h(x) = ho + hiz + ...+ hiz® mootcem Goims evbpana 6 eude

0 .. oo O hy ... by h
0 ... 0 hy ... hy hy O

H= L . (7.2)
0 he ... by hg O ... 0

hiy ... hi hge O ... ... O
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HoxkazareabcTBo. CornacHo yTBepkKaeHuo 14, jjist J060ro KoaoBoro cjiosa c(r)
MUKJIXIECKOTrO KOJA BBIIOJIHACTCA

c(x) - h(z)=0.
Torma
n—1 n—r
c(x) - h(zx) = (Z ciaji> : (Z hjxj> =0,
i=0 =0
e c(z) = S0 cat. Koabdumuent npn 27, j = 0,1, ..., n — 1, B 9TOM Ipou3BeieHHn
paBeH
n—1
Z Cihj—i = O, (73)
=0

rjle WHIEKCHl OepPyTCs M0 MOJYJII0O N. DTH PABEHCTBA 33/al0T MPOBEPOYHBIE YPaBHEHUS,
KOTOPBIM JIOJIZKEH YJIOBJIETBOPSTH KOJ. PaccMoTpuM MaTpHiry

20 . "2 gr—l . gnT2 gl S

0 o oo 0 hy ... hi ho )
H = ) ) . ) ~ th(x)

0O hg ... hi hg 0 ... O o

hy, ... hit hg 0 ... ... 0 m

U3 ypasrennii (7.3) ciemyer, 910 ecim BEKTOD

c= (007017027 ceey Cn—1)

KOJIOBBI#, TO

H-c'=o0. (7.4)

Tak xak deg h(x) = k = n — deg g(x) ecTb pazmMepHOCTh KOJA U CTPOKH H JTHHEHHO
HE3aBUCUMBI, TO ycIoBHUe (7.4) ABISETCS TakyKe JOCTATOYHBIM JIJIsl TOTO, YTOOBI BEKTOD €
npuHa/iiezkas Kojy. Takum obpaszom, H — mpoepouHas MaTpHIa HUKJIMIECKOIO KOJIA C
IPOBEPOYHBIM MHOTOWIEHOM A (). A

ITpumep 6. [l ABOUTHOIO MUKIUIECKOTO 1, n—1, 2]-Kojia ¢ IpOBEPKOil HA YeTHOCTh
CIIPABE/IJTHBO

g(x) =z +1,

m—1

h(x):x =" 42" o1
r+1

Toryia marpuibt
1100 000
G:0110 OOO’H:(11 1)
0000 ... 011

SABJISTIOTCS COOTBETCTBEHHO TOPOYK/IAIOIIENH W POBEPOYHOI MaTpUIlaMu KO/ia.
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7.5 JlekoaupoBaHmMe IIUKJINYECKOrO KOJa
[TycTh mpu mepegade KOJIOBOTO BEKTOPA
a=(ag,a1, ..., Gp_1)
HPOM3OILIA OMMUOKA U HA NPHEMHOM KOHIIE HOJIY9eH BEKTOP
c=(co,C1y .., Cpo1) = a+e,

rie
€=1(€0,61y -y En_1)

— BekTop omuboK. Ha si3bike MHOrO4/IEHOB HMeeM
c(z) = a(z) + e(x).

Tak kak a(z), cormacHo Teopeme 38, menurcs Ha ¢(x), MHOTOWIEHB ¢(x) U €(x) UMerOT
npu gejennu Ha ¢(x) OAMHAKOBBIE OCTATKH. JIpyrumu cJI0BaMu, BEKTOP OMIUOOK HAXO-
JIATCA CPeM TeX HabOPOB, KOTOPHIM COOTBETCTBYIOT MHOI'OUJICHBI, JAIOIIUE TPH JAeJeHUN
Ha ¢g(T) TOT ¥Ke OCTaTOK, YTO U MHOTOUIEH ¢(X), COOTBETCTBYIOIIHI IIPUHATOMY BEKTODY.
O6patHo, Jit060it BeKTOp, 0018 Jaf0MHil YKa3aHHBIM CBOHCTBOM, MOYKET OKa3aThCs BEKTO-
poM ommboK. 13 cTparernu AeKOAMPOBAHUA MO MPUHIUIY MAKCHMYyMa IIPaBIONOI00MST
B Ka4yecTBe BEKTOPa OIMMOKHM € IPUHUMAIOT BEKTOD HAUMEHbINEro Beca (Kak Haubosiee
BEPOSITHBIN BEKTOD OIMKO0K ). OThICKAHNEe BEKTOPA € MOKHO OCYIIECTBATH, HAIIPUMED, T1e-
pPebopoM BCEBO3MOKHBIX BEKTOPOB B TIOPAIKE BO3PACTAHUS WX BECOB BILUIOTH JI0 BEKTOPA,
KOTOPOMY OTBeYaeT MHOIOYJIEH C HYXKHBIM OCTATKOM. B 3aBUCHMOCTH OT KOHKPETHOIX
3a/1a4d Ha NMPAKTUKe, KaK IPABUIO, IIPOBOJAAT CYIIECTBEHHO 0OJIee IMPOCTHIE IIPOIELy PhI
JIEKOIMPOBAHUSI.

CyImecTByoT TakzKe aJrOPUTMbI JI€KOANPOBAHUS, HCIOIB3YIOIINE IMKINICCKUHA CIBUT
7 TIO3BOJISTIOIINE 34 CYeT 9TOT0 COKPATUTH 00'beM TabJIMIIBI CHHIPOMOB.

Yupaxkuenue 40. [lycts 11sa nepemgadn nadopMaIum UCIOIb30BAIC UK INICCKAH
KOJ[ JIUTUHBl 7 ¢ TIOPOZKIAONIMM MHOTOWIEHOM ¢(T) = 2>+ 2+ 1. JleKoTupoBaTh CJIOBO
y = (1011110).

7.6 MunanmMaJibHBIIA MHOT'OYJIEH 1 €rO CBOIMCTBA

B srom pasesie pacCMOTPIM MEHEMAJIBHBIE MHOTOW/IEHB] B HX CBOJCTBA, 9TH MHOTOICHBI
OTPEOYIOTCS /IS MOCTPOCHNUS IUKIMIECKIX KOJIOB, OIEHKH HX KOJOBOTO PACCTOSHIS (CM.
Jagiee i. 8).

Ounpepenenne. Munumarvhom mHozousenom diementa 3 € GF(p™) uaspiBaercs
HeHyJIeBOii HopMupOBaHHbIH MHOTOWTeH M () ¢ Koadbdurmentamu u3z GF(p) HanMmeHbiei
crenenn taxoii, uro M (3) = 0.

MuHUMATBHBIT HOTOWIEH IPUMATHBHOIO JIEMEHTA HA3BIBAETCS NPUMUMUESHM MHO-
204.0€HOM. 3aAMETUM, UTO He BCAKHUI HEMPUBOJNMBINA MHOTOUIEH SBISETCS TTPUMUTHBHBIM.

[Tycrs M (z) — munuMaibHblil MEOrOUIeH Hag GF(p) snementa B uz GF(p™). Toraa
MMEIOT MEeCTO CJIeJyIOlHe ero cBofcTaa:
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1. Mnozounern M(x) nenpusodum.

2. Ecau f(x) — makot mnozounen, wmo f(5) =0, mo M(x) deaum f(z).

3. Mmnozounen M(x) desum P — x.

4. Cmenenv mnozounsena M(x) ne npesocxodum m.

5. Cmenenv muozouserna M(x) deaum m.

6. Cmenenv MuHUMAALH020 MHo20uAeHa M (T) npumumuenozo ssemenma pasHa m.

7. Ecau muozounen M(x) asasemes MUHUMAAOHOM OAA SAEMERMA 3, MO OH MU-
HUMAAEH U OA8 dnemenma (OF.

MHOKkecTBO HeJIbIX Yuces 110 MojyJiio P — 1 ciegayiomum 00pa30M paciialaercs Ha,
MIO/IMHOKECTBA, HA3BIBAEMBIE UUKAOMOMUYECKUMU KAACCAMU N0 Modyato p™ — 1: Kjacc,
CoZepzKaIInii YuCa0 S, UMeeT BUJ,

Cy = {s,sp,sp*,sp®, ..., sp™ '},
rjie M, — HauMEeHbIIee [OJIOXKUTEIbHOE 11eJ10€ YUCJIO0 TaKoe, YTO
s-p™ = s(mod(p™ — 1)).
Iycrs M (z) — MunmMaabHEL MEOrOWIEH saeMenta o w3 GF (p™), riae o — IpUMUTHB-

HBIii S1eMeHT mosts. V13 cBoiicTBa 7 ciejyer, UTo Bee HeHyseBbie eMenTsl moss GF (p™)

BHU/1a Oék, nokKas3areJ/id CTelleHel KOTOPBbIX JI€2KaT B OJHOM HUKJIOTOMHUYECKOM KJjlaCCe, UMe-

0T OJJMH M TOT K€ MUHUMaJbHbIH MHOTOUsIeH. MHaue rosops, wax GF(p) Beimosneno
PaBEHCTBO

M©(z) = MO (z) = M) () = MEP)(z) = ... = MEP™ D (2).

8. Ecau wucao i npunadaestcum yuriomomuueckomy kaaccy Cs, mo 6 nose GF(p™)

CNPAGEINUBO PASAOHCEHUE
MY (z) =[] (= - o).
j€Cs
13 reopembr @epma (cm. Teopemy 34) u cBoiicTBa 8 cieyer

Teopema 41. Had GF(p) cnpasedaiuso pasencmeo
P N H M®(z),

2de s npobezaem 6ce MHONACECMEO NPEICMAGUMENET YUKAOTNOMUYECKUT KAUCCO8 1O MO-
dymo p™ — 1.

7
Teopema 42. Mnozousen xP° — T paser npoudsedenuto 6Cex HOPMUPOBIHHBIL HENPU-
sodumwvir nad GF(p) muozousenos, cmenenu kKomopux dessm m.
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STI/I TeoOpeMbI MO3BOJAIOT HAXOAUTH HENMPUBOAMMBIE U MHUHUMAaAJIbHBIE MHOT'OYJIEHBI.
Bepuemcs k npumepy 4 nonsa GF(2%) us pazz,. 6.3 CHava/ia BblIAIIeM Bee MUK/IOTOMUYe-
CKHe KJACChl 0 MO0 15:

C(0 = {0}7

Cy =1{1,2,4,8},
C3 =1{3,6,12,9},
Cs = {5,10},

Cr = {7,14,13,11}.
3aTeM pacCMOTPHM pasJoyKeHne MHorouaeHa '® — 2 Ha HenmpwBOIMMbIE MHOTOYJICHB:
M rr=2@+ D)@+ + D@ e+ D@+ 22+ D@ 22 22 2+ 1).

Bagasas noae GF (24) C TIOMOIIBIO HEIIPHBOIMMOIO MHOIOWIeHa o4+ 2+ 1 I IPIMATHBHOTO
3JIeMeHTa o = &, TOJIyIaeM

DjiemMeHT MuHUMAJIbHBIT MHOIOYJIEH JIEMEHTA

0 x

1 MO (z) =z +1

a,a?, ot a8 MM () = M3 (z) = MWD () = MO (2) =2 + 2+ 1

a? b al? o MO () = MO (2) = MID(2) = MO (2) =2* + 23+ 22 + 2+ 1
o al? MO (z) = MO (z) =22 +2+1

a77&14,a137a11 M(?) (:E) — M(M)(x) _ M(13) (:L‘) — M(H)(J}) — 74 + 3 +1

[To cBoiicrBaM 1 ¥ 6 MUHUMAJIBHBIX MHOTOWIEHOB (CM. TPEJBIIYILYI0 CTPAHUILY) W
cpoiicTBy 6 mosieit [asya (cm. pasi. 6.2) MHOrOWIICH, 3 IAIONIMI 110J1e, BCETIa MOKET ObITh
BbIOpAH NMPUMUTUBHBIM. J[jisi 9TOr0 HYKHO BbIOpaTh MUHUMAJIHLHBIA MHOI'OYJIEH HPUMU-
TUBHOTO d71eMenTa. OIHAKO 3aJa4a OmpeIeIeHnsT KaKoil 3 HEMPUBOANMBIX MHOTOWIEHOB
SBJISETCS MPUMUATUBHBIM, BeCbMa TPY/IHA.

Yupaxkaenue 41. /loka3zaTrh cBoiicTBa 1-7 MUHAUMAJIbLHBIX MHOTOYJIEHOB.

7.7 YUmcjao mUKJIANIEeCKnX KOJIOB

CpsdzKeM HU3JIOKEHHYIO paHee Teopuio moJjeil [anya c¢ mukamdecKkumMu Kojamu. B
pasf. 7.2 GbLIO MOKA3aHO, YTO MUKINYecKuii Koj Juubl n Haj nogem GF(p) cymecrBy-
eT JIIs KayKJI0ro MHOrowiena ¢(z), menasmero muorowien " — 1, toe n = p”™ — 1 pis
nekoroporo m > 0. CorytacHo teopeme 41, umeem

rae { — 9uca0 MUKI0OTOMIYECKAX KJIACCOB MO MOJYJIIO 7, Ha KOTOPhIe pa30MBAIOTCS UNCIIA,
or 0 10 n — 1. [IpousBenenre MpoOU3BOJILHOIO IOAMHOXKECTBA, MHOXKECTBA, MHOTOYJICHOB

{MD(z), MP(z), ..., MO (z)}

JAeT MOPOKIAIONINIT MHOTOWIEH ¢(X) sl HEKOTOPOro MUKIuYeckoro koma. Torma, 3a
MCKJIIOUEHUeM TpuBHAJIbHBIX caydaeB ¢g(x) = 1 u g(z) = 2™ — 1, nosayuaem, 4ro 4ucJio
HeTPUBHAIBHBIX MUKIMIECKNX KOJOB JUTHHBI 1 He MpeBbITTaeT uncaa 2° — 2.
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Kakwne n3 3Tux NUKINIECKUX KOIOB MMEIOT Haubosbimee paccrosane? OTBET Ha 3TOT
BOIIPOC He IIPOCT.

Emte pa3 BepreMcd K IpuMepy 4 u3 pass. 6.3 B pasmoxkennn muorodsena % —1 mmeem
naTh coMHOKuTened (cM. pasa. 7.6). CiegosaTennho, monydaeM 2° — 2 = 30 HeTpUBH-
AJIbHBIX [MKJIUYECKUX KOJIOB JiyiuHbl 15. PaccMoTpum, Hanpumep, KoJi C HOPOZKIAIONUM
MHOT'OYJIEHOM

gr)= (@' + 22+ )+ 2+ 2P+ + ) =2+t + 2t o+ L

Tak kak crenenb ¢(z) paBHa 8, TO pa3MepHOCTh Koja k = n — 8 = 7. OiHaKO ONpeIe/nTh
KO/IOBOE PACCTOSHHUE KOJIa U3 IIPOCTBIX COOOParKeHUi He y/1aeTcs.

VYaopaxkaeuue 42. [locTpouTh NUKINIECKUN KO JJIMHBL 7 ¢ MOPOXKTAIONTIM MHOI'O-
wieHoM g(z) = 2% + x + 1, HaliTH ero MpoBepPOYHBIH MHOTOYU/ICH, ONPEIeTATH HapaMeTPhI
KoJa.

VYupaxkuaenune 43. Uro coboii mpeacTapageT MUKINIECKAN KO JIUHBL 15 ¢ TOPOoXK 1a-
oM MEOrowIenom ¢(z)? Haiitu ero npoBepovHbIii MHOTOWIEH, OIPEIEIUTh TaPAMETPbI
KoJa:

a) g(x) =z +x + 1;

6) glr) = oz +1)(@® + o+ 1)@t + 25 + 1)@t + 25 + 22 + 2+ 1);
B) g(z) = (x +1)(2* + 2 + 1)(a" +2° + 1);
B clydasdX 0 U 6 OCTPOUTH KOJIbI.



I'taBa 8

Koaprr bUX

8.1 Hyam Koja

[Tyctb o — npumutusHbii 31ement nojisa GF(p™). Cornacuo reopeme 41, nay nosem Lasya
GF(p) cupaBeiinBoO pa3jioKeHue

2P = H M®) (),

rje s mpoberaeT Bce MHOYKECTBO TPEJACTaBUTE/IeH IUKJIOTOMUYECKUX KJIACCOB MO MO/LYJIIO
p™ — 1. Ilycrb g(x) — mOpoxkKIArONMUil MHOTOUWIEH CTEIeHH I HEKOTOPOIrO IUKIHIeCKO-
ro kojga anuasl n = p" — 1. Torma, B cuay TeopeMbl 39 W NpHUBEIEHHOTO Pa3TOKEHU
muorowiena P 1 — 1 na MHOXKHTE/IH, HMeeM

glz) = MW (). ... M (z)

JITIsT HEKOTOPBIX TpeJICTaBUTENel MUKIOTOMUYECKUX KIACCOB &1, . . ., 1.

Omnpenenenne. Kopuu 110pozk1amiiero MHOrowIeHa ¢(x) Ha3bIBAIOTCS HYAAMU KOOG.

Teopema 43. O myngax koaa. ITycmv nonapho pasiusmnvie snemenmaos B, ..., B u3
GF(p™) A6aa10mca KOPHAMU NOPOHCIAIOWL20 MH020%AeHA §(T) CMENneHy T YuKAUYECK020
koda. Mrozounen f(x) ¢ kospduyuenmamu us GF (p) npunadaescum smomy xody mozda
U MoALKO Mmozda, K020a

fB) =...=f(B)=0
JlokazaTeabCTBO.
Heob6xogumocts. ITycrs f(r) — xomossiiit muorowren. Torma o Teopeme 38 mmeem
f(z) = g(x)q(z), e deg q(z) < n—r. [Mogcrasiss §; BMecto x masti = 1, ..., r, nojaydaem

f(Bi) = g(Bi)a(B),

rie g(5;) = 0. Orcroga ciepyer, uro ; — kopenb f(x).

Hocrarounocts. [Tycrs (; — kopeub f(x) aust Bcex @ = 1,...,r U CIpaBeInBO

f(@) = g(x)q(x) + r(z),



88 I'masa 8. Kogsr BUYX

rie degr(x) < r. [ogcrasiass [3;, nosyuaem

F(Bi) = 9(Bi)a(B;) +r(Bi),

rie f(5;) =0u g(8;) = 0. Orcrona craexyer r(5;) = 0 anst Beex ¢ = 1, ..., . IIocKOIBKY
degr(z) < r u Bece (B; pazmuunsl, 3aka04uaeM, uro r(x) = 0. I3 Teopembr 38 caemyer, 4ro
f(z) — KomOBHIii. A

8.2 ITIukamdeckoe mmpejcTaBjieHe Koga X>MMUIHTA

Teopema 44. C mournocmuvio do usomoppusma dsouurwvll K00 Xommuraa AGAAEMCA
yuksuecKUM K000M ¢ noposicdaouyum mrozouienom g(x) = MM (x).

HokazaTeabcTBo. [IpoBepounass MaTpuIia JBOUIHOTO KO8 XAMMHUHTA H"™ JITHHBI
n = 2" —1, 1o oupejie/IeHUI0, COCTOUT U3 BCEX HEHYJIEBBIX BEKTOPOB-CTOJIONOB JIJIMHBL M.
[Tycrs o« — npumuTuBHbIl dj1emenT nosis Lanya GF(2™). Torpa a sBisiercst OpoxKiazo-
UM 3JIEMEHTOM MYJIBTUILINKATUBHON rpymibl mojast GF(2™) u Bce 31eMeHTh

pPa3JUYIHbBI U MOTYT OBITH IpPeJICTaBIEHbI KaK HEeHYJIeBble JBOUUYHBIE M-BEKTOPHI. Takum
obpa3oM, MPOBEPOYHYIO MaTpuily H ABOMYHOTO KOJ/Ia XIMMUHIA C IapaMeTpaMu

n=2"—1,k=n—m,d=3]
MOZKHO IIPE/ICTABUTH B BHU/IE
H= (1 al a? .. oz2m*2),

TIe KazxKIblil 37eMeHT o JOJKeH OBITh 3aMeHeH Ha COOTBETCTBYIOMIMil eMy JIBOMTHBII
BEKTOP-CTOJIOCI] JIJITUHBI M.

[To oupenenennto, BeKTop ¢ = (Co, €1, .., Cp_1) NPUHAIIEKAT KOy H™ TOra U TOJIb-
KO TOILJIa, KOIJIa BLIIIOJHEHO

H-"=0
T. €
n—1
c-a'=0
=0

[Toctemee paBeHCTBO, COIVIACHO CBOMCTBY 2 MHHHMAJILHBIX MHOTOYICHOB (CM. pasi. 7.6),
HMeeT MECTO B TOM H TOJBKO TOM CIydae, KOTIa MEHEMATbHBI Mrorodten MM (x) sme-
MeHTa «v et MHOrouwteH ¢(z). Takum o6pa3om, Kox H™ COCTOUT U3 BCeX MHOIOUIEHOB,
kparupix Muorodeny MY (z). A
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Ipumep 7. nkandecknit kKox Xomvuara H' IJIHHE 7 ©IMeeT TPOBEPOTHYIO0 MATPHUILY
H=(1 a o* & o o® o)~ [0

1

e @ — KOpeHb MPUMHTHBHOTO MUHHMA/IbHOTO Muorodwsena MW (x) = 1+ + 2°.

8.3 Omnpegennreanr BangepmoHaa

s nokaszarenbcrBa reopeMbl 45 o rpanuie Boysa (cM. caeayronuii pa3en) HaM moTpe-
Oyerca marpura Banmepmona.

Onpenenenune. Mampuuet Barndepmorda Ha3bIBAETCS MATPHUIA

2 n—1
1 a a% Soooay X
1 a9y a an”
_ 2 .. 2
A - )
2 n—1
1 a, a; ay,
rje ai, as, . . ., 4, — JeMEHTHl HEKOTOPOI0 KOHEYHOI'O MOJIS.
MM HIepMoHaa. Feau ece a;, i1 =1, ... aA3AUYHDL, MO )
Jlemma 9 Bangepmonga. E a;,1=1,...,n , det A #£ 0

HoxkazaTenbcTBo. naykmueit mo n mokaxkem hopMyry

det A = f[ I (@i —ay). (8.1)

j=li=j+1

1 aq
1 a9
[Tpeamonoxum, uto (8.1) Bermosnena ayst n — 1. JTokazkem ee Jist n. 3amuimem

Jna n = 2 nmeem det A = det ( ) = as — a;. Popmyna (8.1) cupaBeinBa.

1 ay a2 ... a7% !

1 ay a2 ... a2 2% ot
det A = det 2 2 2

1 a, a2 ... a"? !

JIOMHOZKUM KazKIbIii i-ii cTOaGen MATPHIBI (KPOME MOC/IeIHero0) Ha —aj W TPUOABUM €ro
K (i + 1)-my croabmy. OT 9T0ro, Kak M3BECTHO, ONPEAEJUTE b MATPUILDI HE M3MEHUTCH.
[Toyanm

1 0 0 0 0
dot A — det (ag —a1) (ay —ay)ay ... (az—a1)ay™> (ay —ay)ay™?
1 (a,—ay) (a,—a))a, ... (an—a)a™3 (a, —ay)a” >

PackiaapiBas onpeaennTenb MO MePBOil CTPOKe, IMeeM

(ag —ay) (ag—ay)ag ... (az— al)aS’S (ag — al)aS’Q

det A = det

(an —ar) (ap,—ay)a, ... (a, —aj)a?
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Brirecem u3 Kax/10ii j-if CTPOKH MHOXKHUTENb (@; — a1), TOT/A

1 ay ... ay® a2
det A = (ag —ay)...(a, —ay) - det ..
1 a, af;?’ aZ*Q

OTCIO,ZL&, 110 IPpEeaOJIOZKEHUIO UHAY KU, 3aK/JII09aeM

—_

n—

det A= (az —a1)...(an —ay) - ‘H(ai_aJ)IH

j=21

n— n

(@i — aj).
+1

Takum o6pazom, popmyra (8.1) gokazana. OueBuano, uro det A omimven or Hysist TOraa
1 TOJIBKO TOT/Ia, KOTJAAa BCE @; PA3THIHBI. A

8.4 TI'panumna BYX

Caenyromas TeopeMa HasbiBaeTcst rpannieit Boyza—Yoyxypu—XoksuHrema (Kparko rpa-
aureir BYX) nim TeopeMoit 0 KOHCTPYKTHBHOM DPACCTOSIHUM IUKJIMYECKOrO KOojia. Ta
TeopeMa MO3BOJISeT ONMEHNBATH KOJOBOE PACCTOSHUE CHU3Y.

Teopema 45. I'paanna BUX. [Tycmo g(x) — noposciarowuti muo2ouien wuKiu-
weckozo koda C' daunv, n maxot, wmo cywecmsyrom ueavie wucaa b > 0 u d > 1 maxue,
YIMO BHIMONHAETNCA

g(ab) _ g(ab—i-l) e g(ab+5—2> _ O,

m. e. § — 1 nodpsad udywux cmenenet npumumuenozo ssemenma o noas GE(p™) aenn-
romes xophamu g(x). Tozda kodosoe paccmosnue d ne menvuie .

Bameuanue. Yncsio § HA3BIBACTCH KOHCMPYKMUGHBLM PACCTOAHUEM KOJIA.
dokazaTenbCTBO. PaccMOTpUM NPOM3BOJIbHBIN KOJOBBIN BEKTOD ¢ = (g, C1, - .., Cp1)
U COOTBETCTBYIONIMIT €My MHOIOYJIEH

c(x) =co+eix+ ... Fcpa"

[Tockosbky vstementst o, abtt, ... abt9~2

O HYJIAX KOJa nMeeM

SABJISTIOTC HystaMmu Koga C', 1o o Teopeme 43

b+1) S — C(ab+672> = 0.

Orcroia moydaeM CHCTEMY ypaBHEHHI

c(a®) = c(a

o+ cral + e+ . 4+, 10D =0
co + 1ot 4 002t 4o, DO —

co + 102072 p 02002 e D0H=2) —
uadge roBops, BLITIOJHSIETCS PABEHCTBO

H-c"=o0, (8.2)



8.4. I'panuna BYX

TJe MaTpUIa

91

1 ab o2t a(nfl)b
o 1 lan a2(b+1) a(nfl)(b+1)
1 ab—li§—2 Oé2(b—;_5_2) O{(n—l)(b-l-5—2)

He 003aTe/IbHO SBISETCS MOJTHONR TpoBepodHoii MaTpureil koga C, MOCKOIBKY HOPOZK-
jatonuii Muorowien ¢(r), BO3MOXKHO, UMeeT U ApyTHe KOpHH, ordnbie or a’, a’*t
abto=2, Kpowme Toro, crpoku 3T0ii MaTpUIbl MOTYT OKa3aThCs JTUHEWHO 3aBUCUMbIME. [[py-
rumu caoBamu, kog C', 3amaHHblil npoBepounoil MaTpuneil H, Gyner cogepkarh B Kade-
crBe moakoaa koga C', HO, BO3MOXKHO, He OyJeT COBIAJaTh ¢ HUM. /[0CTATOYHO ONEHUTH
KOZ0BOe paccroguue koma C', Tak Kak OHO, OYeBHJHO, He OyaeT GoJbIIe KOJIOBOTO pac-
crosinus kojga C. TTosromy eciim Mbl moKazkem, 4to Jirobbie He bojiee yem d — 1 ¢1osib1oB
mMaTpuipl H sinHeiiHo He3aBHCHMBI, TO KOJ0Boe paccrostine koga C' (a ciemoBarebHo, 1

(') 6yzer no MenbIeii Mepe § coriacHo TeopemMe 3 u3 paszi. 1.2

[IpeamooKuM, 9TO KOJOBBI BEKTOP ¢ HMEET BeC W MeHBIIHi 0, T. €. HalayTcs w
JINHEHHO 3aBHCUMBIX cTosONOB H m w < 4. [lycTh HeHysieBble KOOPAMHATHI BEKTOpA C
UMEIOT HOMEPA a1, s, . . ., (. llocTpouM KBagparHyio marpuiy H' w3 marpunst H cie-
JIYIOIIMM 00pa30M: BbIOEpeM w MEPBBbIX CTPOK U3 MaTpuilbl 1 u BblYepKHEM BCe CTOJIOIbI
¢ HOMepPaM¥, OTJIMYHBIMUA OT A1, Ay, . .., Uy. Takum obpasom, marpuna H' umeer Buj

O{alb aagb O{a“’b
, % (b+1) a2 (b+1) aaw(b+l)
H =

a™ (b+w-1) a(l2(b+w71) o (b+w-1)

13 paBenctBa (8.2) cieayer, 410

Tax kax ¢ # 0, TO mocjieiHee paBeHCTBO BO3MOXKHO, TOJLKO eciu Marpuiia H' BeIpoxKiena,
1. e. det H' = 0. Ho ¢ apyroii ctopoHbl, umeem

1 1 . 1
det H' = qmbFazbttawb . et art o e #0,

O{al(wfl) Oéag(.wfl) aaw(wfl)

TaK KaK OlIpeaeJuTe b B IIoCJeJHEM paBeHCTBE €CTh OlIpeae/InTe b BaH,H‘epMOH,D;a CO BCe-
MU pa3JIMNYHLBIMHU dJ1eMeHTaMM U, COTJTaCHO JIEMMe 9, OH H€ paB€H HYJIIO.

3 moyueHHOTO TPOTUBOPEUs CAeAyeT, 9To B JuHeHOM Kome C' He CYIIecTBYeT KO-
JIOBOTO CJIoBa Beca Menbliie d. CienoBaresibHO, KoJ0Boe paccrosinne C' He MeHbIe 0. A
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8.5 Koapt BUX

Ounpenenenne. Kodom BUX nad nosem GF(p) nmuust n = p™ — 1 ¢ KOHCTPYKTUBHBIM
paccrosgareM 0 > 1 Ha3bIBAETCS MUKIUYECKHUIT KO C IOPOXKIAIOIKUM MHOIMOYJIEHOM HaM-
MEHBIIEH CTeneHn, HyJIIMI KOTOPOTO SIBJISIOTCS 3JIEMEHTHI

b b+1 b+d5—2
a, o’ L« ,

rje o — NPUMUTHBHBIN ds1eMeHT 110Jist GF (p™) u b — HEeKOTOpOe HeOTPHUIATEIbHOE TIeI0e
THCIIO.

3ameuanue. /g kogo BYX B tuTeparype umeer mecto 60s1ee obIree ompeieieHue.
Hawmu paccmarpuBaroTcss Tak Ha3blBaeMble npumumusHoie kodv, b9X, T. e. Koapl, J1I0HA,
KOTOpBIX paBHa n = p"* — 1. [lamee TepmMun npumumusnsie 6ymet omyiner. Koasr BUX
upu b = 1 unorna vazeiBaior kodamu BYX 6 yskom cmuicae.

CrpaBeiinBo cJiesyorniee (SKBUBaJEHTHOe) onpe/eienne kogos BUX.

Ounpenenenne. Kodom 5YX nad norem GF (p) nmunbt n = p™ —1 ¢ KOHCTPYKTUBHBIM
paccrostHueM § > 1 Ha3bIBAETCs MUKIMYECKUIT KO/ ¢ MOPOZKIAIOIIUM MHOTOUJIEHOM

g(x) = HOK{M® (), M (), ..., MO+H=D ()},
rje b — HEKOTOpOe HeOTPHUIATETHLHOE TEJI0e THCIIO.
Teopema 46 Koo 549X nad GF(p) daurwvin = p™—1 ¢ nopostcdarousum mMHo2ouieHom
g(x) = HOK{M O (z), M**V(z), ..., MO+~ (z)}
s mexomopozo uenozo b > 0 umeem napamempol
m=p"—1k>n—(0—1)m,d>4dl.
HoxkazaTeabcTBo. CorsacHo Teopeme 45 o rpanuine BUX, komoBoe paccrosinue Ko-

J1a He MeHbIe 0. I3 Buaa mMopozKIaroIinero MHOIOU/IeHa KO/Ia CJIe/IyeT, YTO IPOBepOIHAd
MaTpuma koga BYX pasna

1 a’ a% e 1P
o 1 lan a2(b+1) o a(nfl)(b+1)
1 ab—l-‘ﬁ—2 a2(b—;—5—2) a(n—l)(b+6—2)

e Kazkplit semMentT o' € GF(p™)no/zKen ObITh 3aMeHeH Ha COOTBETCTBYIONIUi BeKTOD-
crosGer;, u3 m sgementoB noisg GF(p). CTpoku 3T0H MATPHIBI 33JIAI0T MPOBEPOTHbIE
coornonrenust Koga. Obuiee 1ucs10 ¢rpok paBuo (d—1)m, HO OHU MOTYT OKA3ATHC JIMHEHHO
3aBUCUMbIMH, ITOITOMY JJId YUCJIa HTPOBEPOK BbLIIIOJIHAECTCA

r<(d—1m
U, CJIeJIOBATEJILHO, Uil PA3MEPHOCTH KO/ HMeeM
E>n—(5—1)m,

4TO 3aBepHiaeT J0Ka3aTe/JIbCTBO T€OPEMBI. A
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8.6 JIBouunsie koabl BUX
OTaeabHO paccMOTPHUM caydail ABondHBIX Kog0B BUYX B y3koMm cmbice, T. e. b = 1.

Teopema 47. /[souunviti kod BYX daunve n = 2™ —1 ¢ nopostcdarousum mMHo204AeHOM
g(x) = HOK{M W (2), M) (), ..., M*~D(x)}

UMEEM NapamMempo
m=2"—-1,k>n—tm,d>2t+1].

HokazareancTBo. llpm p = 2 B cmiay cBoiicTBa 7 MUHUMAJBHBIX MHOTOYJIEHOB

(eMm. pasz. 7.6) umeem . '
M®) () = MD(z).

Orcrona cieayer, 9to crenenb ¢(r) MOXKeT ObITh OHUKeHA. A UMeHHO, onpeess g(x),
MOKHO He pacCMaTpUBaTh MUHUMAJIbHbIE MHOTOUJIEHBI /IJI CTEIIeHel TPUMHUTUBHOTO dJie-
MEHTa C YeTHBIMH ITOKA3aTe/IIMHU.

KoncrpykTuBHoe paccrosinue d jaHHoro B reopeme koja BUX pasuo 2t. B cuity orme-
YEeHHOT'0 CBOMCTBA MUHUMAaJIbHBIX MHOT'OYJIEHOB, KOJIbI C KOHCTPYKTHUBHBIMU PACCTOSTHUSMUI
2t m 2t + 1 coBmaIa0T, A9 KaXKJI0T0 U3 HUX TOPOXKIAIONINI MHOTOYJIEH UMeeT BU/I

g(x) = HOK{MW (z), M®(x), ..., MV (z)}.

Takum obpaszom, deg g(x) < tm. Jljs pa3MepHOCTH KOJia BHITIOJIHSIETCS COOTBETCTBEHHO

k>n—tm.
IIpoBepouHag MaTpuiia Koja paBHA
1 o o? . a1
1 o ab . =13

o(n=1)2t=1)

riae Ka)K,Z[bII‘/JI QJIEMEHT HJOJIZ2KEH 6bITb 3aMeHeH COOTBETCTBYIOIIUM JIBOUYHbBIM BEKTOPOM-
ctoJibrioM JiyiuHbl M. BTopoit crosiber; cojpepKuT cTerneHn s1eMeHTa o

IIOKa3aTeJIn KOTOPBLIX JiezKaT B Pa3JIMYHBIX IMUKJIOTOMUYECKUX KJIaCCaX IO MOJYJ/IIO 2m—1.
A

B pasn. 8.2 moka3aHO, YTO JIBOUYHBINA KOJ X3MMHUHIA UMeeT IUKINYEeCKOe IIPeICcTaB-
Jienne. 10T (PAKT TAKKe HEIMOCPEJACTBEHHO CJIEAyeT U3 JIOKA3aHHON TeOPEeMBI.

CaenctBue 10. Kod BYX, ucnpasisowut o0y owubky, umeem napamempo.
n=2"—1,k=n—m,d=3|,

nopoorcdaouuti mrozovaen g(x) = MW (z) u asasemea xodom Xommunaza.
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CaenctBue 11. I[lycmvn = 2m—1, 2de m > 3 newemmno. Jeouunwili kod bIX daurot
n, ucnpasaaowull dee owubru, UMeEm napamempol

[n=2"—1k=n—2m,d>5|
u nopooicdarouuti mmozounen g(x) = MM (x) - MO (z).

JokazaTeabcTBo. Ko/10Boe paccTosiHie HElOCPeJCTBEHHO CJejyeT u3 Teopembl 47.
JTokaxkem, 4TO

g(@) = MW (x) - MO(a)

u k =mn — 2m. Ilo Teopeme 47 umeem
g(x) = HOK{M W (x), M) (x), M) (x), M (2)} = HOK{M W (z), M) (2)}.

asiee Ham 1OTPEOYIOTCS HEKOTOPbIE CBOWCTBA MUHUMAJBHBIX MHOIOYJIEHOB U3 pa3j. 7.6
TTOCKONIbKY (v — TIPUMUTHUBHBI 31eMenT noas GF(2™), To 10 ¢BOHCTBY 6 MUHMMAIHHBIX
muorouenos crenens MW (x) pasna m. Tak kax m mederHo, nmeem (3,2 — 1) = 1.
ITo memMe 8 m3 pasf. 6.2 mosydaeMm, 9TO TOPAIOK 3djdeMenTa o pasen 2™ — 1. Taxmu
o6pazom, muorounen M®)(z) mpuvuTHBeH 1 1O CBOICTBY 6 €ro CTemeHb TaKyKe DABHA
m. Munumaubisie Muoroutenst MM (x) u M®)(z) nenpusoaumbl coriacuo cpoiictsy 1
MUHUMAJIBHBIX MHOTOYIEHOB, TOITOMY

U pa3sMepHOCTb Koja k B TOYHOCTH paBHA n — 2m. A

Kompr BUX (6osee Touno: npuvuTuBabie KoJpl BUX) acuMnrornuecku mioxue, a
WMEHHO CIPaBEJINBO CJIeIyIOIee yTBEP:KIeHNe.

Teopema 48 L 210601 Geckoneunot nocaedosamenvrocmu [n, k, d)-xodoe BYX nad
GF(q) ckopocmo koda k/n u omuowerue d/n cmpemamcs k Hyao ¢ pocmom n.

8.7 Koapr Pnga—Cosomona

8.7.1 Omnpenenenune n CBOMCTBA

Kompr Puna—Cosomona — 310 kogsl BUX nax GF(q), ¢ = p™, JjiuHa n KOTOPHIX paBHA
q— 1, ¢ # 2, a IOpPOKIAMOIINI MHOTOUYIEH UMeeT BH]

glx)=(z—ab) - (x —a®) - ... (z— a2 (8.3)

JUIst HEKOTOPhIX b > 0, § > 1. MHorga ya00HO paccmarpuBarh b paBHBIM eauHuIe. Takue
KOJIbI IPEJICTABIAIT CODO0Il 3HAYUTEbHBLIN MPAaKTUIECKU M TeOpEeTUUeCKUil HMHTepec U
00.J1aJaI0T TEJIBIM PSAJIOM XOPOIIUX CBOHCTB. B ciemaytorieit Teopeme, HapuMep, IMOKazKeM,
gto a1 Kojga Puma—ComoMoHa MOXKHO TOYHO BBIUYHC/IUTH KaK KOIOBOE PACCTOSHHUE, TaK
W MOIIHOCTD.

Teopema 49. Kod Puda—Coaomonra dauree n = q¢ — 1 umeem mowmocmo ¢ o+

kodosoe paccmoanue d=n —k+1=79.

U
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HokazaTenabcTBo. [lockoabky mopoxk garoiuii MaorowieH koga Puga—Comomona, 1m-
bl ¢ — 1 wumeer Bug (8.3) ayst wekoropeix b >0, 6 > 1, xox Puga—Cosomona — 510
BYX-Ko1 ¢ KOHCTPYKTUBHBIM PaCCTOSHUEM 0 IIUHBI 1 = ¢ — 1, ¢ # 2. PazmepHOCTH 5TOT0O
nUKJIn4IecKoro koja pasua k = n — deg g(x) =n — 0 4+ 1. Cornacno rpanune Cunrsirona
(cm. Teopemy 4 pasza. 1.2), ecim B — (n, k,d)-xom, to n — k > d — 1. Vlnbimu ciioBamu,
d <n—k+1. Orcriona mis koga Puga—Conomona nmeem d = n — k+ 1, a ciegoBaresibHO,
3T0T KO apagerca M DS-komgom. A

HdocTouncrBa komoB Puga—Cosiomona:

1. Koxpl Puga—Cosomona ya1006HO HCIOIB30BaTh, KOrJAa TpeOyeTcs KOJ, JAIUHA KOTO-
POTO MeHbIIIe, 9eM pa3Mep MoJIsd, TaK Kak, aBjissach MDS-kogamu, oHn mMeroT HanboJibInee
BO3MOYKHOE MUHUMAJTbHOE DACCTOSHIE.

2. Onn HUCHOJIB3YIOTCA AJid IMOJYYEeHHud JABOMYHBIX KOJOB C OY€HDL OOJIBIIUMI MUHHU-
MaJIbHbIMHU PACCTOAHUAMMU.

3. Koapsr Puga—CostoMoHa MCIOIB3YIOTCS P MOCTPOEHNN KACKAIHBIX KOJIOB C XOPO-
IMUMH IapaMeTPaMU.

4. OHH WCMOTB3YIOTCA MPH MOCTPOCHHH KOJOB, HCIPABJISIONNX MAKETHl OIMMOOK
(em. mogpobHee pasj. 8.7.2).

IIpumep 8. Pacemorpum kox Puga—Cosomona nax GF(5) amuubl 4 ¢ KOHCTPYKTHB-
HBIM paccrosguuneM 3. B kauecTBe mpuMUTHBHOTO 31ementa mnoias GF(5) BosbMeMm, Ha-
upumep, a = 2, torna g(z) = (r — a)(z — a?) = (x — 2)(z — 4) = 2° + 4z + 3. Koz
Puga-Cosomona umeer 52 = 25 KOIOBHIX CJIOB JUIMHBI 4, Cpeil HUX HAIpHMeD,

(3410), (2140), (0341), (3201) . ... .

Yupaxkuenne 44. Haiitu Bce 25 KOJOBBIX CJIOB 3TOTO KOJIA.

Jlobapenne K KOay o0Omeil IpOBepKH Ha YeTHOCTL He BCErJa yBeJIHYUBACT €ro MHHU-
MaJIbHOE PACCTOAHUE, €C/IU KOJAbl HEJIBOMYHBIE M €CTh CJI0Ba HEYeTHOro Beca. Haupumep,
jobasieHne 00MIeill poBepKr Ha 4eTHOCTH K Koy Hajg GF(3) ¢ kojoBoit marpuieii

1 1100
00111
He yBeJIndnBaeT KojoBoe paccrosane. Oarako a1s kKoaos Puga—CooMona ¢ TOposK 1aio-

M MuorodnenoM ¢(z) = (z —a) - (z —a?) - ... (z — a®~!) kogoBoe paccTogHEe Beerna
yBesnmanBaeTcsd Ha 1.

Teopema 50. IIycmo P — [n = p™ — 1, k,d]-x00 Puda—Coaromona ¢ noposcdarousum
MHOZOYUNEHOM
glz)=(z—a) - (x—a?) -...-(x—a’ ).

Tozda pacwuperue kasrcdozo k0006020 cao6a ¢ = (Co, C1, ..., Ch1) nOcpedcmeom dobasre-
nus obwet nposepku Ha wemmnocms nad GE(p™)
n—1
Cp = — Z Ci

i=0

npusodum % kody ¢ napamempamu [n+ 1,k d + 1].
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HokazaTeabcTBO. PaccMoTpuM Mpon3BOIbHOE KOIOBOE CJI0BO ¢ Beca d. Emy cooTBet-
crByeT MHOrowieH ¢(x). MUHUMANBHBIN BeC KOJOBOrO CJI0Ba ¢ yBesimdauBaercs 10 d + 1,

€CJIN BBITIOJTHSETCS
n—1
E ci=—c, #0.
i=0

Ho c(m) =ctar+...+ cn_lx"*1 ", CJIeJ0BATEeJILHO,

[Tokazkem, aro ¢(1) # 0. [To Teopeme 38 (cMm. pasm. 7.2) umeem c(x) = a(z)g(z), rue g(x)
— mopoxK gaiomuit Muorowien Koga. [lo ompenenennto g(x), mockonbky o He sBIgeTcs
ero kopueMm 3aksrodaeM, uto ¢(1) # 0. Ins a(z) umeem a(l) # 0, Tak KaK B IPOTHBHOM
cJlydae MHOTOUIEH ¢(z) menuics Obl Ha MHOTOWIeH * — 1 u, cormacuo rpanute BUX (cm.
JIOKA3aTeJbCTBO TeopeMbl 45), KOJ0BOe CJI0BO ¢ UMeso Obl Bec He MeHee deM d + 1, mpo-
tuopeune. CrenoBarenbro, ¢(1) = a(1)g(1) # 0, 1. e. K0JOBOe PACCTOSIHUE MOJIY I€HHOTO
KOJ/la yBenunBaeTcd Ha 1. A

Vupaxkuenue 45. [Tocrponts ko Puga—Conomona ¢ mapamerpamu [3, 2, 2] Ha 1mo-
nem Lamya

GF(4)={0,1,«, a2},

rie o + a + 1 = 0 u paccMoTpeTh pacIIupeHHbIH KoJ ¢ mapamerpamu (4,2, 3].

8.7.2 MWcnonp3oBanue kogoB Puma—CojsiomoHa aJisd 10Ty Ye-
HUS JBOMYHBIX KOJOB

Dnementsl 0sist GF(p™) MoryT ObIT mpe/cTaBiensl m-sekropamu Hag, GF(p) (Bemom-
M npumep nong GF(24), rae snmeMeHTE Mo/s GBLIM TpeCTaBIeHbl IBOMIHBIME BEKTO-
pamu juaabl 4). Pacemorpum g-3uaqnsiii ko Puga—Cosomona ¢ nmapamerpamu

n=¢—1k=n—-0+1,d=94,

e ¢ = p™. IlpousBejst 3aMeHy Ha pP-3HAYHBIE BEKTOPBI, MOJYUYUM pP-3HAYHBIA KOJ| C Tia-
pameTpamMu
[n' =nm, k' = km,d > d,.

Ecim ¢ = 2™, 10 mnoJiydeHHble JBOMYHbIE KOJbI UMEIOT 4YacTO OOJIbIIIOE MHHUMAJIbLHOE
paccrosinue. Jlajee mokazkem 3T0.

[Toctpoum u3 xkoma Puga—ComomMona IBOMYHBII KOJT ¢ OOIBIIAM KOJOBBIM PACCTOSHU-
em. Ilycts BekTOp ¢ = (Co, ..., Cp_1) TpuHAIIIERAT [N, k,d]-kKO1y Puma—Comomona Ha
GF(2™). 3aMeHUM 3JIeMEeHTBI ¢; COOTBETCTBY IOITUMU JIBOUTHBIMHA 1M-BEKTOPAME U K KaK-
JIOMY TaKOMY M-BEKTOPY /106aBuUM OOIIYIO 1IPOBEPKY Ha 4eTHOCTh. [losryuum jiBoumvHbIiI
KOJ[ C apaMeTpamu

n = (m+1)2™ — 1),k =mk,d > 2d=2(2" — k)].
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Araornanoe npeobpa3oBaHre MOKHO TPUMEHHUTH K paciimpernoMy Koxy Puga—Conmomona,
4TO MPUBOJUT K ABOMYHOMY KOJY C IMapaMeTpaMu

[(m+1)2™, mk,d > 2(2™ — k + 1)].

[ToJstydennblit KO, SIBJISIETCST KACKA/IHBIM KOJIOM.

[Tycrs vy, ..., U, — 6a3uc Bekropuoro npocrpancrsa GF(2™) nag GF(2), 1. e. 6asuc
B Mm-MepHOM equanaHOM KyOe E™. Torma mmo6oit spement (3, npunamaexkamuii GF(2™),
MPEJICTaBUM B BHJIE

m
B = Zbﬂ)z = 611)1 + ...+ bmvm,
i=1
riae b; npunagnexkur GF(2). Pacemorpum orobpakenue 3 — (b, ..., by). D1o orobpa-
JKEeHUe mepeBoauT Junelinbie Koabl Hajg GF(2™) B nuneitnsie nag GF(2), 1. e. coxpanser
JIMHEHHOCTh, HO Heo0A3aTe/IbHO IPU 9TOM COXPaHseT IMKITIHOCTD!

Kackajinble KOjbl UMEIOT IIMPOKOE IPUMEHEHHne Ha, HPAKTUKE, HAIPUMED HMCIOJIb3Y-
I0TCs pu 3anucu uHOpPMaIlUKM Ha KOMITAKT-JAncKax. [[oBpexKjieHnsi B KOMIAKT-/IMCKaX
MOT'YT BBI3BATh JIWHHBIE TOCIEI0BATEIHHOCTH OMKUO0K. Omubkn B 1indpoBoii 3anucu u
BOCIIPOU3BE/ICHUH OBIBAIOT JIBYX THUIIOB:

1) ciayuvaiinpie (B HECKOJIBKO OUT, OOBIYHO PA30POCAHbBI [0 JUCKY, UX MOXKHO JIEIKO
HCIPABUTH);

2) omubku Tuna "moreps makera'.

Onpepnenenune. [lakemom JIMHBL S HA3bIBAETCS BEKTOP, BCE HEHYJIEBbIE JIEMEHTbI
KOTOPOT'O PacCIOJIOZKEeHbI Cpenu S NOApsAd UAYIIUX KOMIIOHEHT, IlepBasd W IOCJIEeJHAA U3
HUX SIBJISIIOTCS HEHYJIEBBIMU.

Nuade ropopsi, ommbKa COCTAB/IIET OOJIBIIOE UHUCIO ITOCJIET0BATETLHO PACIIO/IOKEH-
HBIX OuT. Hampumep, B KOMIaKT-IMCKaX TaKas OIMMMOKa MOXKeT ObITh BbI3BaHa (pu3UUe-
CKUM TOBPEKIeHNEM JUCKA WU KPYIHBIM JeeKTOM JeHThI. DPDGEKT, BHI3BAHHBIIT TAKIM
J1ePeKTOM, MOXKET ObITh CYINIECTBEHHO YMEHBIIEH, €CJIM OUThI, COCTABJISIONINE ITOCHLIKY,
pacrosiaraTh He TOCIeI0BATENbHO, a TUCKPETHO Yepe3 HeKOTOPble WHTePBaJIbl (Kajphl).
Torma morepio cpaBHUTEIHLHO OOJIBIITONO MaKeTa OMMMOOK MOYKHO PacCMaTPUBATH KaK CJIy-
qaitayio. Takoit MeToJ1 mepejadm JaHHBIX HCHOIb3yeT Koj Pupa—Cosiomona, a TodyHee
JIBOMIHBIN KO, mosrydeHublit u3 koga Puga—Comomona. MHorma pacemarpuBatoTcs 0oJiee
CJIOZKHBIE MIpeodpa3oBanus Koiaa Puga—CosioMOHA B ABOMYHBIA € HOMOIIBIO HPOIELY PbI
IepeMesKeHns, ¢ MPUMeHEeHneM JBYX KOJEPOB, HAIPUMEDP MPH HCIOAb30BaHUU (DYHKIIHH
YeTHOCTH JIJIs JII0OOTO JIBOMYIHOTO HAOOPA JJIUHBL M Jn00 KackaaupoBauus. OTHAKO TBO-
HYHBIH KOJI, TOTydeHHbIi u3 Koja Puma—Cotomona, Bee 2Ke JIOBOJIBHO ILJIOXO HUCIPABJIAET
caydaitupie omuOKu. B 3TOM cirydae MoxkeT ObITH Hcmob3oBan Ko FOcrecena.

8.8 Koapl FOcTecena

Pacemorpum ko Puga—Cosomona nag nosem GF(2™) ¢ mapamerpamu

n=2"—1,kd=n—k+ 1]m.
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[Tycts o« — npumuTuBHbI 35ement noas GF(2™). PaccMorpum npou3BOJILHBIN BEKTOP

(aOa ay,ag, ... 7an—1)

koja Puna—CosioMoHa 1 cOCTaBUM € TIOMOIIBIO HEro BeKTOp JtuHbl 2n Hajg GF(2™) ce-
JIYIOIIEro BUA,
2 n—1
a = (ag, ag, a1, qay, Az, @Ay, ..., Ap_1, Q" Gp_1).

BaMeHsig B 9TOM BEKTOPEe Kaz/blii sjaement a; u3 GF(2™) orBevaionum emy JBOMYHbBIM
BEKTOPOM JIJTUHBI 1, MOJIy4aeM JIBOUYHbIN BeKTOP JjituHbl 2mn. [lorydentnoe MHOXKeCTBO
JIBOMYHBIX CJIOB oOpasyer kod F)cmecena ¢ mapaMerpamun

[N =2mn, K = mk, D],

KOTOPBI# TI0 MOCTPOEHUIO sIBJIsieTcs JimHeitHbIM KogoM. KomoBoe paccrosinue D onpejeris-
€TCd U3 CJIeAYIONEero IpeaTOKeHNs.

YrBepxkaenue 15. Munumanvroe paccmoanue D xoda FOcmecera ydosaemesopsaem

HEPABEHCNEY
w
) 2m
D> Z i- ; ,
i=1

2de daa k0006020 paccmoanus d ucrodnozo xkoda Puda—Cosomona cnpasediuso:

w w—+1

2m 2m

i=1

HokazaTenbcTBo. JI1000e HeHy/IeBoe KOJ0BOE CI0BO Kojma HOcTeceHa comepzKuT mo
Kpaiineii Mepe d pa3IHYHBIX JBOMIHBIX BEKTOPOB JIHHBI 2m, Tae u # 0 u v # 0. OueBu-
HO, YTO KOJUYECTBO PA3JMIHBIX BEKTOPOB JIIMHBI 2mM MAJIOro Beca Hesejunko. CiiemoBa-
TeJILHO, BeC JIFDOOT0 HEHYJIEBOTO KOIOBOTO cjioBa Koma HOcrecena jo/zken ObITH OOJIBITIM.
MuHuMaIbHBI BeC HEHYIeBOro cjoBa Koga HOcTecena He MeHbIe CYMMBI BeCOB d HEHY-
JIEBBIX JIBOMYHBIX BEKTOPOB JITUHBI 21 MUHUMAJIBHO BO3MOZKHOTO Beca, a MMEeHHO:

ngz‘.<2;”>+(w+1) d_g(Z?l) ,

re B IEPBOM CJIaraeMOM T0JI 3HAKOM CYMMbI CTOUT KOJUYIECTBO €IWHUIL B HAOOpaX JJIMHBI
2m, a BO BTOPOM — KOJIUYIECTBO OCTABIINXCA CTOJIONOB B IBOMYHOM aHAJIOre IPOBEPOYIHOI
MaTpursl. [Ipuaem Bec w ompesensgeTcs n3 COOTHOIIEHUS

w w—+1

2m 2m
> (7 )cass (?

=1

A

Herpyano Bugers, uto komsl FOcrecena sBasitoTest Kackaaubivu Kogamu. OHE TakzKe
XOPOIIA TeM, U9TO ABAIIOTCI ACUMIOTOTUYECKH XOPOIIAMU KOJAMMU.



I'taBa 9

JIpyrue Koabl

9.1 Marpunsl Agamapa, Koabl Amamapa

9.1.1 Marpums Aagamapa

Onpenenenne. Mampuuet Adamapa TOpsaKa n Ha3BIBaeTCS n X n Marpuna H, sme-
MeHTaM# KOTOpO#t aBisgiorcd +1 n —1 rakas, 9To

H-HT =nE,,

riae F, — equHUYHAs MaTpUIA pa3Mepa n X n.

DTO paBEHCTBO KBUBAJIEHTHO TOMY, 9TO JIFOOBIE JBE CTPOKU MATPHUIIHI OPTOTOHAIBHBI,
T. €. UX CKaJIIPHOE IIPOM3BEIeHNE B IOJE AefiCTBUTEbHBIX duces paBHO (), a CKaJasIpHOe
Ipou3Be/ieHne J1I000i1 CTPOKHU Ha caMy cebst paBHO N.

Marpuna H nocur Ha3zBanue mampuibs Adamapa, TOCKOJIBbKY €€ JeTepMUHAHT d0CMU-
2aem rpaHuIbl, npuHagaexkamein Axamapy. Cripapeginba

Teopema 51 (Amamap 2K., 1897). Ecau A = (a;j) — npoussoavhaa seusecmeen-
naa (n x n) mampuua c anemenmamu —1 < ay < 1, mo |detA] < n?
(m. e. det> A < n™).

Jlng marpunpl Asnamapa cnpasemuso det H - HT = (det H)? = n". lmeem
H'YH -H' =nH?' = H'=nH' w H' -H=nH ' -H=nkE,,

T.e. HT - H = nE,. Otciona cieayeT Tak:Ke, 9TO CTOIOIL MAaTpuisl H 061a1a10T TeMu
JKe CBOicTBaMu, 9TO U CTPOKHU MaTpuiibl .

OueBu/IHO, 9TO MEPECTAHOBKA CTPOK WJIU CTOJIOINOB MATpUIlbl H, a TakykKe yMHOKEHUE
CTpOK mau cToabnos marpunbl H na —1, nepesonsar H B apyryio marpuiy Anxavapa H'.
Taxkue marTpuisl Agamapa OyjgeM Ha3bIBATh SKBUBAJEHTHBIMU. DTO PABHOCUIBLHO TOMY,
9TO

H =P . H-Q,

e P u () — MOHOMHATbHBIE MATPHIIGI IEPECTAHOBKU JIUHBI N ¢ dmeMenTamu +1 n —1.
HamomuanM, 9T0 MaTpuiia Ha3bIBACTCA MOHOMUAALHOU, €CTTA B KaXKI0I CTPOKe U KazKJI0M
cToI0IIe HMeeTCs TOYHO OUH HeHyIeBoil 31eMentT. B namem ciyuae niga P u () 3Tu HeHy-
JieBble 3jieMeHTbl paBubl +1 i —1. Marpuna P ocyiiecrsiisier nepecraHoBKY U MeHseT
3HaK® y cTpok H, a marpumna () — y cTOJI010B.
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s mannoit marpunsl Aamapa H Bcerga MOXKHO HAWTH SKBUBAJEHTHYIO €if MaTpPUILy
Anamapa, mepBasi CTpoOKa M IEPBBI ¢TOJOEI] KOTOpOoil meaukoMm coctoar u3 +1. Takas
MaTpuia AmamMapa Ha3bIBAETCA HOPMAAU30EAHHOTU.

IIpumep 9. Ilpu n =1 nmeem H(1) = (1),

npu n = 2, H(Q)z(} _1),

1 1 1 1
1 -1 1 -1
upu n = 4, H(4) = 1 1 -1 -1
1 -1 -1 1

[TepecranoBka cTpOK, KpoMe MEPBOii, U CTOJIONOB, KPOME MEPBOro, He HAPYIIAIOT HOP-
MaJjm3oBaHHOCTH MaTputbl Aamapa. Ho, BoobOIme roBopst, MOT'yT CYyIECTBOBATH SKBUBA-

JIEHTHble HOPMAaJIN30BaHHbIE MATPUIIbI, KOTOPBIE HE NOAYYGIOMCA OHA U3 JAPYTOil TPOCTOH
MepeCcTaHOBKOM CTPOK U CTOJIOIOB.

Yupaxkueaune 46. [lokazars, 910 MaTpuisl AjgaMapa HOPSIIKOB 2 U 4 CYIECTBYIOT
U eJMHCTBEHHBI ¢ TOTYHOCTBIO JI0 SKBUBAJEHTHOCTH.

Matpunst Agamapa nmopsiakoB 8 n 12 Takzke €IMHCTBEHHBI ¢ TOYHOCTHIO 0 KBHBA-
ngeaTHoCcTH. CyIECTBYeT TsTh HEIKBUBAJIEHTHBIX MaTpui Agamapa mopsiaka 16 w Tpwu
HEe’KBUBAJEHTHBLIX MaTpunbl nmopgaaka 20. Iasg n = 24 4uciio HeSKBHBAJEHTHBIX MaTPHIIL
Anamapa pasuo 60, paa n = 28 Takux Marpuil 487.

Teopema 52. Fcau cywecmeyem mampuya Adamapa nopadkan > 2, mo n kpamuo 4.

JokazaTenbcTBO. Be3 orpanndenus oOMHOCTH TPeAIOI0KNAM, UTO H mpeacTaBieHa
B HOpMaJIM30BAaHHOM BHJIE U IycTh 1 > 2. Halijiercs marpuia, SKBUBaJeHTHAS MaTPUILE
H, nepBble Tpu CTPOKU KOTOPOI MMEIOT BUJL

11 1 1 1 - 1 1 1 - 1 1 1 -- 1

11 1 1 1 --- 1f-1 -1 -~ -1{-1 -1 --- -1

11 1/-1 -1 --- -1 1 1 --- 1/-1 -1 - -1
M 7 k 7

Torpa u3 OpTOrOHATBHOCTH CTPOK UMeeM CJIeIYIONIYI0 CHCTeMY YpaBHEHUit

i+j+k+1l=nmn,

i+j—k—1=0 (ymHOXas 1-10 U 2-10 CTPOKH),
i—j—k+1=0 (ymHOXag 2-10 U 3-10 CTPOKH),
i—j+k—1=0 (ymuoxas 1-10 u 3-10 CTPOKH).
k

Perras sty cucremy, noiaydaem i = j = k = [ = n/4, orkyzaa ciaeayer, uro 4 jgeaur n. A

T'unore3a. Marpuis Agamapa cymiectBytor jiis Beex n = 0(mod 4).

CymrecTByeT GOJBINOE KOJHIECTBO METOIOB IMOCTpOeHus MaTpuIl A tamapa. Hanmennb-

it MOpsIIOK, JIJIsi KOTOporo Marpuna Ajamapa e moctpoesna, pasen n = 428 = 4 - 107
(2002 1.).



9.1. Marpunsr Anamapa, koabr Agamapa 101

[TpuBesem HEMOTHBI CIEKTP 3HAYEHWIT N, JIJIT KOTOPHIX TOCTPOEHBI MATPUIIHT A ta-

Mapa:
1) n=
2) n=p"+1=0(mod 4) mag npocroro p;
3) n=~h(p"+1), tae h > 2 — nopsa0K MaTpuIip Axamapa,;
4) n = h(h —1), tae h — npoussesaenue quces puga 1 u 2;
5) n=h(h+3), rme h u h+ 4 — npoussenenus aucesn puga 1 u 2;
6)

n = hiha(p" + 1)p", vae hy, he > 1 — nopsiaku marpui, A gamapa.
Pacemorpum aBa 0c0O0€HHO BayKHBIX B TEOPUH KOAMPOBAHUSI METOA MOCTPOCHHUST MaT-

pui, Azamapa.

9.1.2 Marpuna CuabBecTpa

IIpamovim, WA KPOHEKEPOGbLLM, TPOU3BEICHAEM JIBYX MATDPUIL
A = (a;;) mopsika m X m u B = (b;;) mopsaka n x n
HasbiBaeTca marpuna A X B nopsaaka (mn x mn):

CLHB CL12B . CleB
Ax B= S -
amiB amaeB ... aumB

Vopaxneuune 47. JlokazaTh cBoiicTBa:
1) AX(Bl+BQ):AXBl+AXB2;
2) (Ax B)(C xD)=AC x BD.

Teopema 53. Ecau cyuwecmsyrom mampuuys, Adamapa nopsadkos m u n, mo ux nps-
Moe npoussederue ecmsb mampuya Adamapa nopadka m - n.

HokazareabcTBo. llycts H,, u H, — aBe marpunbl Agamapa MOPSIKOB M H N
cooTBeTCTBeHHO. Torma

(H,, x H))(H,, x H,)" = (H,, x H,)(HL, x H') =
=H, -H. x H,-H' =mE,, x nE, = mnE,,,. A

Orcro/1a JIETKO BBITEKAET CJIeAYIONMNNA METOJI MOCTPOEHUsT MaTpHIl A tamapa.

Teopema 54. Ecau H, — mampuua Adamapa nopsadka n, mo

11 H, H,
o= [4  pems[

— mampuua Adamapa nopadka 2n.
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IMTpumep 10. Marpuna Amamapa mopsigka 4, mojydeHHas w3 MaTpunbl Agamapa
H(2):

1 1] 1 1
1 -1 1 -1
HA) = | 477 1
1 —1|-1 1

Hauwnnas ¢ tpusnanbHoii marpuisl H (1) = (1), merogom, onucanHbiM B Teopeme 54,
moJTyanM mocaeoBarebrocts Marpun H (1), H(2), H(4),..., H(2¥)... Takue maTpumbr

HaswpIBatOTCI Mampuvamu Cusveecmpa. OHI UMEIOT MOPSIAKU, PaBHBIE CTEIeHU JIBOWKH
2k k> 1.

Yupaxxkxuenue 48. [Tocrpouts marpuiy Anamapa Hs.

9.1.3 Marpuna Agamapa nmo tuny II3iian

Jlna onncanns kKoHcTpyknun [I3iiim mocrpoenns Marpur Amamapa, HOTpeOyIOTCS KBaJI-
paTUIHbIe BHIYETH W HEKOTOPbIe UX CBOUCTBA.

Onpepenenne. [Iycrs p > 2 — npocroe uucio. Jucaa b Z O@mod p) pensrcsa na
JIBa KJIacca, Ha3blBAEMbIC KGAOPAMUUHBLMU GHMEMAMU U KEAOPAMUYHLMY HEGHIEMAMU
B 3aBUCUMOCTHU OT TOI'O, UMeeT CpaBHEHUE

2 = b(mod p)
pellienne 10 MOJYJII0 P WIH HE NMeeT.

ITpumep 11. [lpu p = T:

2?2 = 4(mod 7) — BbIUeT;

3? = 2(mod 7) — Berder (umcao 2 mpejacTaBUMO B BHe 3%, riae 3 < 7);

3 — HeBblveT, Tak Kaxk cpasHenune r? = 3(mod 7) He uMeeT pelieHUs, B UeM JIerko
yOeIMThCsl TPOCTHIM 11epedopOM;

4% =16 = 2(mod 7);

52 = 25 = 4(mod 7);

62 = 36 = 1(mod 7).

HoOBBIX BBIYETOB He TOJIYUUIIHN, CJEJOBATETBHO, 1, 2 1 4 — BCe BBIYETHI O MOJYJIIO 7.

it Toro 9Tobhl HAWTH BCE BBIYETHI 10 MOJIY/II0 P, HY?KHO PACCMOTPETH BCE YHCJIA
1,2, ..., p— 1, HO JOCTATOYHO PACCMOTPETH KBaApaThl uucen or 1 go (p — 1)/2, Tak Kak

(p — a)? = a*(mod p).
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CsgoiicTBa KBaJApPAaTUYIHBIX BbIYE€TOB

1. HpoussedeHue de.CL’ %eadpamuunbu: 6bLYETNO6 UAU HEBDLYUETNOE ABAAETICA ﬁsa()pa—
MuUuYHbIM 6BLYETIIOM, npouseedenue neadpamu%noeo 6blYerma Ha Heesbl4ern AGAACINCA HEBblL-
YUEMOM.

2. Kpurepnii Ditnepa. [lycmov p > 2 — npocmoe. Hucao a, 63aummno npocmoe c
D, ABAAECMCA KEAIPAMUYHLLM GbUEMOM N0 MOJYA0 P Mmoz2da u MoAbko mozda, k0204

aP~Y/2 = 1(mod p)
U ABAAECMCA HEBLIMEMOM NO MOOYAIO D o204 U MOALKO mozda, Kozda
a2 = _1(mod p).

3. Ecau p = 4k + 1, mo uucao —1 asaaemcs keadpamuuHbLM GbIYEMOM, €CAU
p =4k — 1, mo wucao —1 asssemcea HEGLIMEMOM.

s 1oka3aTesbecTBA ITOTO CBOMCTBA MOJIE3€H CJeyonuilt (haxT.

4. Feau o — npumumushwiii aremenm noas Laaya GF(p), 2de p — npocmoe, mo,
HEMPYIHO NOKAZANb, YIMO KEAOPATNUYLHBLE BBIYETN L 3G0AI0MCA YEMHBLMU CIMENEHAMU INE-
MEHMA (L.

Omnpenenenne. Ilycrs p — upocroe Heuernoe uuncio. Pyuknus x (i), Ha3bIBaeMast
cumsoaom Jlesrcanopa, onpeessieTcst Ha MHOXKECTBE E/IbIX YUCET CJIEYIOIUM 00pa3oM:

x (i) = 0, ecau i = 0(mod p);

X(i) = 1, eciu OCTATOK OT JIEJIEHUSE § HA D SBJSETCS KBaJAPATHYHBIM BBIYETOM 110
MOAYJIIO P;

X(i) = —1, eciu ocTaTOK OT JIE/I€HUS § HA P SABJISIETCS KBAAPATHYHBIM HEBBIYETOM
10 MOJLYJIIO P.

Teopema 55. /lia a06020 ¢ % 0(mod p) cnpasediuso

p—1

> x(b)x(b+e) = —1.

b=0

,Z[OKaSaTe.TIbCTBO. Tak kKak IIpou3Beaenne ABYX KBa/JPAaTHYHbIX BbI9€TOB HUJIM HEBLI-
YeTOB €CThb BblYUeT, a IIPOUu3BeJeHue BblUueTa Ha HEeBbIYET €CTh HEBbLIYET, TO

x(zy) = x(@)x(y) mpm 0<z,y<p-1.
Ecmu b= 0, to x(0) = 0 u BkIag B cymmy caraemoro mpu b = 0
x(0)x(c) = 0.

[Tycrs b # 0 u mycth z Takoe 4ucio, 1ro zb = b + ¢(mod p). Ecau b upoGeraer muo-
xecrso {1,2, ..., p—1}, o z npoGeraer muoxectso {0,2,3, ..., p— 1} (aeficrBurensHo,
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tak Kak ¢ Z 0(mod p), nmeem z # 1). Pazubiv unciam b orBedator pasubie z. [lycth 510
HE TaK, T. €.
zb= b+ c(mod p)
2l =V 4 ¢(mod p) ’

Torna z(b—b") = b— b (mod p), wau (z —1)(b—b") = 0(mod p), . e. B cuy b # b’ nveem
z = 1(mod p), 9TO HEBO3MOKHO.
PaccMOTpUM MCXOIHYIO CYMMY:

bAY u b <p— 1.

S Bxb ) = 3 xBIneh) = S xE) = 3 xF)x(z) =
=3 ) = YA — () = 1

z_l
p—1
Baech Y x(z) = 0, rak Kak 1mojoBuHa uuces or 1 jo p — 1 (p — HEUETHO) ABJAAIOTCH
z=0

KBaJIDATHYHBIME BblYeTaMu U X(Z) JJisl HUX paBeH 1, a MOJOBHHA — HeBbueTaMu u X(2)
JuIst HUX paBeH —1. A

Meton mnoctpoenus IIsitnu maer mocrpoeHme wmaTpuilsl Ajgamapa  MOPsIKa
n = p+ 1, kparaoro 4 (wau nopsaka n = p™ + 1, KpaTHOTO 4, €CJIU HCIOIb3YIOTCS
KBaJIpATHYHBIE BbIUeTHl Hajl mojeM GF(p™)), rie p — mpoctoe.

Jnst koucrpykiun IIsiimn norpebyerca marpuna orcexobemona @ = (¢i;), KOTOpast
aBysieTcs (p X p)-MaTpunei, rae ¢;; = X(j — ), CTPOKH U CTOIOIBI MATPHIIL () TPOHYMe-
posaubl uucaamu 0,1, ..., p— 1.

ITpumep 12. [Ipu p = 7 uncaa 1,2 n 4 gaBagioTcs KBaJPaTUIHBIMU BblueTaMU, CJie-
nosarebHo, X(1) = x(2) = x(4) = 1. Marpuna /IxxekoGcToia umeer Bu L

o 1 1 -1 1 -1 -1
-1 0 1 1 -1 1 -1
-1 -1 0 1 1 -1 1
Q= 1 -1 -1 0 1 1 -1
-1 1 -1 -1 O 1 1

1 -1 1 -1 -1 0O 1

1 1 -1 1 -1 -1 O

[Ipu p = 4k — 1 amcyio —1 gBasieTcss KBaJAPATUIHBIM HEBBIYETOM MO CBOWCTBY 2 u
x(—1) = —1. ITosromy

G = x(j — 1) = x(=1)x(i = j) = =x(i = j) = —ai;,
cJiejloBaTe/IbHO, MaTpuLa () — Kococummerpuyeckad, 1. e. Q7 = —Q.

Hmeer mecTo cremytoniee yTBep:KIeHHUE.

Jlemma 10. Cnpasedauco QQT = pE — J u QJ = JQ = 0,, 2de J — mampuuga,
anemermamu Komopot asasromea edunuyvt, a 0, — mampuya, cocmoawas U3 Hysed.



9.1. Marpunsr Anamapa, koabr Agamapa 105

HoxkazatenscTro. [lycts P = (p;;) = QQT. Toraa

p—1
bii = Z%Qk =p—1
k=0

Ecmm i # j, 10
p—1 p—1 p—1
pii =Y augie = > x(k—ix(k—j)=> x(k—i)x(k—i+(i—j)=
k=0 k=0 k=0

= S O+ 0) = 1,

e b=k —1iu c=1—j no upeapyiymeii Teopeme.
Jlerko nposepsiercs yrsepxkaenue QJ = JQ = 0, (aeficTBUTENbHO, KaXKbLil cTOJIOEL
U CTpOKa MaTpuipl () comepkut paBHoe uncyao (p — 1)/2 snementos 1 u —1). A

[TocTponm, ucnos3ysa (), marpury H. Obo3nadnm, Kak u mnpexe, depe3 1 u 0 Bek-
TOPBI JJIHHBI P, COCTOAIINE U3 €IUHUIl U HyJIeil COOTBETCTBEHHO.

Teopema 56. Mampuua

1 1
H:(IT Q_Ep)

asasemes mampuyet Adamapa (muna [astiau).

dokazareabcTBOo. PaccMoTpuM Mpon3BeIeHHe

(1 1 1 1 [ p+1 0
H.HT_(lT Q_Ep>‘<1T QT_E;D>_( OT J+(Q_Ep)(QT_Ep)>

Vcronp3ys npeapiaylnyio JeMmy 1 TOT (akT, 4TO MO ONpPeJeSeHUI0 MaTPHUIbl () BHITIOJI-
ugerca (Q + Q7 = 0, nosygaem

J+(Q_Ep>(QT_Ep>:J+Q‘QT_(Q+QT)+EPIJ+(pEp_J)+Ep:(p+1)Ep-

CieoBaTe 1bHO,

A
Jpyrumu cjioBamu, 1oJIy 9u/Id HOpMa/In3oBanuyio Marpuity Agamapa tuna [Isim mopsi-
kKa p+ 1.
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9.1.4 Kozasr Agamapa

[Iycts H, — mopmanu3oBanHasg marpuia Anamapa. 3amennm Beogay 1 Ha 0, a —1 Ha 1,
torga H, mpesparmaercsa B deouunyto marpuny Amamapa A,. Tak kak crpoku H,, opToro-
HaJIbHBI, TO JIFOObIE JIBE CTPOKM MaTpuiibl A, coBLIAJAOT B n/2 HO3UIUAX, CIeJ0BATE/IbHO,
paccrosiaue X9MMUHTA, MKy HUMHU PABHO N/2.

W3 marpumsr A, nocrpoum Tpu Koma Agamapa.
1. Kox A, ¢ mapamerpamu (n — 1,n,n/2), cocrogmuii u3 crpok MaTpuipbl A, ¢ BHIKO-

JIOTOH 11epBO# KOOPIUHATOI.

IMTpumep 13. Kox Anamapa Ag ¢ napamerpavu (7,8,4), nojiyueHHbIl U3 MaTPUIBI
Anamapa tuna [siim. Kogosble ciioBa — 310 Bee nukandeckue ¢iapuru Bekropa (1001011)
7 HYJeBO# BeKTOp MIuHbI 7. VlHawe roBops,

100101 1)
(110010 1)
(1110010
[(1001011)] = 011100 1).
101110 0
0101110
001011 1)

ITpumep 14. Kox Anamapa A5 ¢ mapamerpamu (11,12, 5), moiy4eHHbIH U3 MATPUIIHI
Anamapa tuna [Isitiu:
[(11011100010)],

coJlepyKaInil TakyKe HyJIeBOi BeKTOp JAJwHBI 11.

2. Kox B,, ¢ mapamerpavu (n — 1,2n, (n/2) — 1), cocrosimuii u3 BekTopoB Koga A, u
UX JTOIOJIHEHUIA.

ITpumep 15. Kox Anamapa Bis ¢ napamerpamu (11,24, 5) co ciepayomumu KOJ0BbI-
MU CJIOBAMH:

0'' 1" [(11011100010)], [(00100011101)].

3. Kox C,, (n,2n,n/2), cocrosiiuii u3 ¢TpOK MaTpuipl A, 1 X JOMOJTHEHHI.

Koz A, sBisiercst cumniekcHvim. DTO O3HAYAET, UTO PACCTOSHHE MEXKJY JTHOOBIMU
JIBYMSI KOJIOBBIMH CJIOBAMHU PABHO 1/2.

Ecmn H — marpuna Cwissectpa, To A,, B, u C, — rpynnossie kojbsl. Ecin H —
Marpurna Ajgamapa tumna [Isiiim, To moaydeHHble KOAbI HEJMHEHHBI s JII060oro n > 8.
Jluneitabie 000I0UKN ITUX KOJOB MPUHAJIEKAT KIACCY TaK HA3BIBAEMBIX KBAIPATHIHO-
BBIYETHBIX KOJIOB.

9.1.5 CBg3b KomoB AjaMapa ¢ KogoM X3MMUHTa

Paccmorpum cBs3b k008 Asamapa A,, n = 28 — 1 ¢ kogom Xommunra. [Ias 910ro
BCIIOMHUM OIpeJIeJIEHUEe OPTOIOHAJBHOTO KOJIA.
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Onpenenenne. Ecin C — nuueiinwiii [n, k]-koq vag F, To dyasvrod wiam opmozo-
naavroli K Hemy Ko O ompesesigeTcss KaK MHOZKECTBO BCEX BEKTODPOB, OPTOTOHATBHBIX
BCeM KOJOBBIM coBaM Koja C':

C*+ = {u|u-v =01 moboro v € C}.

Ecan kox C umeer npopepounyto marpuily H u mopoxparoiryo G, TO JyalbHbIi KO
C* mmeer nposepounyio Marpuiy G u nopoxgaonyo H.

Teopema 57. Koo, dyarvhui x kody Xommunza, seasemca kodom Adamapa A, no-
cmpoernvim uz mampuys, Cusveecmpa. Cnpasediuco u obpammoe.

dokazaTeabCcTBO Oy/ieM TPOBOANTH WHAyKIHeit o m, rae n = 2™ — 1.
[Iycte m = 2. PaccMoTpum Koj, X3MMUHTA JJIMHBL 3, 3aJIaHHbIN CJIeIyIomeil mpoBe-
POYHOII MaTpunei
Hy = { 1 01 } .
011
Omna siBJIsTeTCSI TOPOK AAOMIE MaTpuIleit OPTOrOHAJIBHOTO KO/Ia K Koy Xammuara. Komo-
BbI€ CJIOBA UMEIOT BH]T

— O = O
= = O O
O = = O

Jlobapsist ipoBepKy Ha deTHOCTH 1 3aMensist 0 Ha 1 u 1 Ha -1, nmoaydaem

0000 1 1] 1 1
010 1 274 1 =1 1 =1
0011 HY=\7T |
0110 1 —1/-1 1

T. e. Mmarpuryy CuabBectpa (cM. mpumep 10).

[Tycts aman = 2™ 1 —1 umeem: Ko, OPTOrOHAIBHBI KOy XIMMUIHTA, SB/ISETCA KOTOM
Anamapa Aym—1 ¢ nopoxkgatomieii marpuneii H,,, sBiasioneiics mpoBepodHoii MaTpuIeit
Ko/1a X3MMuHTa IUHBL n. [lokazkem, 9T0 MaTpuna Bujia

O ... 0j1}j1 ... 1

0

H, f H,
0

SIBJISIETCS IPOBEPOYHON MaTpuIieil Koja XamMmunra nopsjaka 2n — 1. /lelictBurebHO, 3TO
TaK, MOCKOJIbKY YHCJIO CTOJIOIOB PaBHO 21 — 1 U Bce OHU ABJIAIOTCS PA3JTHIHBIMU BEKTO-
pamu Juuabl m (B H,, Bce cTONOIBI — pasaudHble BEKTOPHI JJIHHBL M — 1).

CTpoKH MaTpHUILBI

0
H, : H, )
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MOPOXKIAIOT KOJ, ¢ KOJOBOW MaTpuiei

A, || A
0

Hobassist Bektop (0...01...1), nosyuaem Koj, HOPOXKIeHHbI MaTpureit H, kojgosast
MaTpuIla KOTOPOTO HMeeT BU]

_ 0 -
A, | A,
0
1 = Aot
A, |1 A,
L 1 _

Otciona, 106aBUB CTOJI0CI] U3 HYJIeH, UMeeM MaTpHUILy

[0 0 ] r 7
An 1] An H(n) | H(n)
0 0 2 _
0 1 — H(Qn) = y
oA | A H(n) H(n)
L 0 1 ] L i

rae H(n) — marpuna CuibBecTpa MOpPs/IKa N, CI€JI0BATENBHO, O TeopeMe 54 MaTpuia
H(2n) Takxke sisiercss marpuneii CuiabBecTpa.

JlokasareabcTBO B 00OpaTHYIO CTOPOHY IIPOBOAUTCS TaK:Ke IO MHIYKIMH, HAYHHAS C
kKoaa Ajamapa. A

Puc. 9. CuMmnexkcusiit Kon IiuHb 3

Kox Anamapa A, Ha3bIBaeTCd TaKXKe CUMNAEKCHbLM, IOCKOJBKY €ro BEPIIMHBI 00-
pasyioT B E" mpaBUIbHBINA CHUMILIEKC — PACCTOSHHAE MEXKJIY JIOOBIMH ABYMS KOIOBBLIMU
CJIOBAMH OJIHO M TO 7K€ U PABHO ";1. Ha puc. 9 npusejen npumep koga As, Bepriunb
KOTOPOI'0 00Pa3yioT NMPaBUJIbHBIH TeTPadIp.
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9.2 Koawsl Puga—MaJepa

Omupenenenne koaoB Puna—Mainepa (RM-koaoB) yinobHee BCero mpuBOIUThH B TEPMUHAX
Oynesbix Gynknuii. Paccmorpum npousBoabayio Oysiesy dynknuio f(zq,...,%,) or m
IepeMeHHbIX, TOXK/IECTBEHHO He pPaBHYIO HY/II0. B KadecTBe KOIOBBIX CJIOB Koja Puaa—
Masiepa aauasl n = 2™ OyayT BbIOpaHbI JBOMYHBIE BEKTOPBI, SBJIAIONIHECT HAOOpaMu
3HaveHuit OyieBbIX (DyHKIMI crienuaabHOrO Bua. Ho mpexkie yeMm 3aaTh crocod BHIOO-
pa tux GYHKIHUHA, TpUBeIeM HEKOTOpbIe ONpeIe/eHns U yTBepzKaeHus. KaxKmoit cTpo-
Ke TabJIMIbl MCTUHHOCTH ITPOM3BOJILHON dyHKIUU [, A1t KOTOPOH 3HaveHue hyHKIHN
PaBHO eJNHUIE, MOYKHO MTOCTaBUTh BO B3aAMMHOOHO3HAUYHOE COOTBETCTBHUE JIEMEHTAPHYIO
KOH'BIOHKIINIO JJIMHBI 1M, PABHYIO €JIWHUIE HA 3TOM Habope, T. €. MPOU3BeJIeHNEe BCEX ITe-
PEMEHHBIX L1, ..., Ly, B3ATBIX C OTPUNAHKEM WK 6e3. /[M3bIOHKIN STUX dJeMEeHTapHbIX
KOHBIOHKIIUI HA3BIBACTCS cogepuientoll dussionkmuernol nopmarvhol gopmoti (CAHD)
OyJieBoit pyHkIwmu f.
Hanee, ucrionib3yst 3akoH e Moprana

wVy ="("z&y),

VJaJIUM BCe JIU3bIOHKIMU B npejcrapienun Gyuxiun f(xy, ..., Tp), ADYTUME CJIOBAMH,
dbyuknusa f(zq, ..., z,) Oyger Boipaxkena vepe3 dbynkuun u3 MuoxkecrBa {&, '}. Tak
Kak [ — mpom3BosbHas OyneBa (hyHKISI, TOKICCTBEHHO He paBHAsg HYJIO, TO OTCIOIA
crenyer, uto cucreMa (yuknuii {&, '} nomma. Hamomuum, 9o cucrema GyaeBuIX Dy HKIHIH
{f1, .-+, fs, ...} nasoBaercsa noanot, ecin a0das Oy/aeBa HyHKIMS MOXKET OBbITH 3aIMCAHA
B BUJIE (POPMYJIBI TOCPEJACTBOM (DYHKIIUH STON CUCTEMBI.

Teopema 58 (2Kerankun). Kaosrcdas bysesa dynryua moscem 6voims 00HO3ZHAHHO
npeodcmasiena nocpeidcmeom NoAUHOMA N0 MOJYA0 2.

DTOT MOJMHOM HOCUT Ha3BaHUE NoAuHoma 2Kezarkuma.

HoxkazareabcTBo. Paccmorpum npoussosibayto OyseBy dbyukiuo f(T1, ..., Tpy),
npejicTaBiennyo cucremoii dbynkuuit {&, '}. Boipazkas Beskuil pa3 oTpuranuge depes
crnoxkenne: 't = r + 1 u omyckas 3Hakn &: r&y = xy, MOCTE PACKPHITHS CKOOOK M IIPH-
BeJIeHHsI TMOJ00HBIX WIeHOB « + x = 0, xx = T, UCHONB3Yd JUCTPUOYTUBHOCTD, O IHM

MHOTOYJIeH
m
E E ailmisxil LR LL’Z'S + a,
5=0 1<y, is<m
riae a;, q.,a € {0,1} — KOHCTAHTBI JUIsl PA3TUYHBIX i1, ... ,0s. ILOJyUYeHHBII MHOTOUIEH

spJisiercs nojuaomom 2ZKerasikuna. Tenepb mokazkeMm, 910 pou3BOJibHasI OysieBa DyHKIUs
OJTHO3HAYHO TpejicTaB/isgercs mojuHomom zKeraskuua. Ilojacumraem 9ucao pa3/imdHbIX
nmojanHoMOB 2KeraJjiknna

m
E E iy iglqy oo Ty + a.

§=0 1<i1, .., is<m

m .
st bukcupoBannoro s,s < m, umMeeM s BO3MOKHOCTEl BbIOOpa NPOU3BE/ICHUS

Ziy ... 2,. Tak kak 0 < s < 'm, TO BCero BO3MOXKHO

m

mm
> (1)

s=0
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Pa3JIMYIHBIX 3JIEMEHTAPHBIX KOH'BIOHKIINN OT TEPEMEHHBIX T1, ..., Ly, B3ITHIX 0€3 OTpH-
nanug. /lamee, Tak Kak K03bdUIUEHTH @, ;. , @ MOTYT IPUHUMATL JBa 3HadeHus 0 win
1, momygaem 22" pazamdHBIX MOMHHOMOB ZKeraikmua, KaskKI0My U3 KOTOPBIX OTBEYaeT
eauHcTBenHas OysieBa dpyuknus. C pyroit CrOPOHbI, 9UC/I0 BCeX OyJieBbIX (DYHKIUNE OT M
IIepeMEeHHBIX TaKyKe paBHo 22 . A

N3 teopembl zKerajkuHa moydaeM, 9To pYHKIUN
Lz, oo, Ty, T1%2, oy Tone 1Ty -+ -5 T1T2 .. . Ty
2m .
obpasyror 6a3y npocrpancTBa [ Bcex Oy/ieBbiX (YHKIUI OT m nepeMeHHbIX. Tenepb
nepeiijieM K onpejenennio koo Puga—Masiepa.

Ounpepenenne. Jsouunnid ko0 Puda—Mannrepa RM(r,m) nopadkar, 0 < r < m, —
9TO COBOKYIHOCTH BEKTOPOB JJIHHBI 2, OTBEYAIONINX OJHHOMAM OT 1M IePEMEHHBIX CTe-
meHyx He OOJIBbIIE T

Kon Puga—Masiepa RM(1,m) nepsoro mnopsijika OpTOrOHaJIEH PACITUPEHHOMY KO-
qy X3MMEHIa U COBIaaaeT ¢ KoaoMm Amamapa B,,. B cBoro ouepesan, paciimpeHHBIR KO
Xommunra sieiisiercst Kogom Puga—Maiiepa RM(m — 2,m) nopsiaka m — 2. 113 omnpe-
nenennsa kKojga Puma—Masnepa mopsaka r BHITEKAeT, UYTO OH COCTOUT U3 BCEX JUHEHHBIX
KOM6I/IHaLLI/Iﬁ BEKTOPOB, COOTBETCTBYIOIIUX ITPOU3BEACHUAM

Lz, oo, Ty 1%, ooy Ty 1Ty -+ oy Ton—r i 1Tm—rt2 « « « Ty

OTH TpOU3BeIeHNA 3a1a10T Oa3uc Kojxa Puma—Masnepa mopgaaka r. OTcioga caeayer, 9To

pa3MepHOCTh KOJIa paBHA
(1) (2)
1 T

BCE KOJOBLIC CJI0BA UMEIOT YeTHBIH BeC.
Ko Puga—Masrepa RM (r, m) nwo6oro nopsiika r, 0 < r < m, MOXKeT ObITh OIMUCAH
¢ IOMOIIBIO KOHCTPYKIu [lioTkuna.

Teopema 59. Cnpasedaiuso
RM(r+1,m+1)={(v,u+v)|ue& RM(r+1,m),ve RM(r,m)}.

HoxkazaTeabcTBo. PaccMorpum nponsBosibHOE K010Boe ¢10BO f u3 RM(r+1,m+1).
C oHOIl CTOPOHBI, OHO IIPEICTABJSET COGOIl ABOMYHBI BeKTOp JJHHBL 2™, ¢ Apyroi
CTOPOHBI — MHOTOWIeH OT (m + 1) mepeMeHHBIX, CTemeHb KOTOporo He Gosbine 7 + 1.

[Mepemnumem MuOTOWIEH f (L1, ..., Tpyi1) CAEAYIOMUAM 06PA30M

flxy, oo Tpgr) = g(@1, - T) + Tr b2, -, T),
rie crenedb §(zy, ..., T,) He Gombiie r+ 1, a crenend h(zy, ..., T,,) He Gombie 7. [lycTh
g 1 h — BeKTOpPBI JIHHBI 2™, OTBeYAIONe MHOTOWIeHAM ((T1, ..., Tpm) U h(Z1, ..., Tpy)
COOTBETCTBEHHO, MHBIME CJIOBAMH, ¢ U h — 9T0 HAGOPHI 3HAYeHUi OyIeBbIX dbyHKIHil (0T
HepeMeHHbIX T, ..., Im); npeACTaBJICHHbIX 9TUMHW MHOI'OYJIEeHAMU. HOCKOﬂbe CTelreHb

g(x1, ..., Ty) HE Gosbiie T + 1, TO, MO onpeesenHuo Koja Puma—MaJuiepa, BeKTOp ¢
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npuHaiexRuT kogy RM(r + 1, m) nopsaka r + 1. Auajornuno, h NpuHAIIEKUT KOLY
RM(r,m).

PaccMorpum MHOTOUIEH (21, - . ., Tyy) KAK MHOTOWIEH OT MEPEMEHHBIX X1, . .., Tyl

gz, - Tgr) = g(21, - T).

Bekrop gmunnt 2™ oreuatomuii sToMy MHOTOUIeHY, pasen (g,g). deficTBuTtennbno, us

GyneBoii dbyuknuu ¢(xy, ..., Tp) OT M IIEPEMEHHBIX MBI IIOJYYUIH OyseBy (DYHKIHIO
g (1, ..., Tmy1) o7 (M + 1) MEpEMEHHBIX, T/ TIEPEMEHHAS Ty ABIAETCA (DUKTUBHOI.
Bropas mosoBuHA TaGIUIB UCTUHHOCTH OyieBoit dbyukiuu ¢ (zq, ..., Tmy1), OTBEYAIO-
mas 3Ha4eHuio 1 nepeMeHHon Zy,41, AyOjUpyer 1nepByio.

Paccmorpum takke muOrounen h'(xy, ..., Tyy1) KaK MHOIOWIEH OT  HEPEMEHHbBIX
Xi,..., Tmil, ONPEJNEJIEHHBIl € MOMOIIBIO MHOTOUYIEeHA h(T1, ..., Ty) CIELYIONIHM
obpazom

/
h (ill'l, Cey SL’erl) = iIZ'erlh(LCl, ey l’m) =

=0-h(z1, ..., Tp) +1-h(z1, ..y T)-

HeTpymHOo BHIETE, YTO STOMY MHOTOUIEHY OTBeuaeT ABOMYHLIN BeKTop Amunsl 2™ Bua
m
(02", h). Takum 06pa3oM, Oy IUIH

f=1(9,9)+ (0" h) = (9,9 +h).

Teopema 60. Murumanvroe paccmoarue koda Puda—Mannepa RM(r,m) nopadka r,
0<r<m, pasro d=2""T".

HokazareancTBo. JlokazareabcTBO Oy/1eM TPOBOAUTH WHIYKIIHEH 110 M.
[Iycth m = 1. B sToMm ciiydae umeem cJie/Iylolue JBa TPUBHAJILHBIX Koja Pujia—
Mannepa mopgakoB 0 m 1 cOOTBETCTBEHHO:

RM(0,1) = {(00), (11)} ¢ kogoBBIM paccTosHEEM 2;
RM(1,1) = {(00),(01),(11),(10)} ¢ kogoBHIM paccTosinueMm 1.

[Tycrb pus mo6oro (m—1) reopema BepHa n MUHUMAJIbHOE paccrostaue Koga RM (r,m—1)
nopsijika T paBHo 2™ 17" jia so6oro 1, ymossersopsioniero yeiaosuo 0 < r < m — 1.
Paccmorpum koncrpyknuio [Lnorkuna st koga RM (r, m), n310KeHHy1o B npeabLLy e
Teopeme:

RM(r,m) = {(u,u +v)|lu € RM(r,m —1),v € RM(r—1,m—1)}.

[To npe/o0KEeHNIO0 MH/LYKIUK, KOJ0BOe paccrosuue koga RM(r — 1,m — 1) pasuo
2m—1=(r=1) — 9m=" 3 xoma RM(r,m — 1) pasuo 2" "', HerpyaHo BuieTh, 4T0

d((u,u +v), (W, u +v")) >2""

JUTsI TIPOM3BOJIBHBIX KOJOBBIX €J10B (u,u + v) u (v, v + v') u3 RM(r,m) (cM. nokaza-
TeIBCTBO TeopeMbl [LnoTkuna B 1. 1). OUeBHIHO, UTO MKy KOIOBBIMHA CJOBAMH KOJA
RM(r,m) noctnxumo paccrostuue, paBaoe 2™ ", A
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Taxkum ob6paszom, ko Puga—Masiepa RM (r, m) nopsijika r uMeer mapaMeTphbi:
e JTMHA KOIa paBHa 1 = 2™,
k m m
® MOIIHOCTH Koja paBHa 2", roe k =1+ 1 4+ -+ .
® K0J0BOE paccrostaue d = 27",

Koapt Puga—MaJiiepa umeior ObicTpbie TPOIELYPhl KOJMPOBAHUS U JI€KOJIUPOBAHUS
U MIUPOKO MCIOIB3YIOTCS Ha MMPAKTUKE, B 9aCTHOCTH, KOjibl Puga—Masiepa Tperbero mo-
PAIKA TPEeJCTABIAIOT COOON XOPOIINiA IK3EeMILISIP KOJIOB, KOTOPBIE HCIOIb3YIOTCS B KPHII-
torpadun And mudpoBanug WHGOPMAIIUA B KPUINTOCUCTEMAX € OTKPBITBIMU KIIOYAMH,
a UMEHHO B Kpunrocucreme Mak-Duuca.

Teopema 61. /s mobvx 7,0 < r < (m—1) kod Puda—Manrnrepa RM(m —r—1,m)
opmozonaser kody Puda—Mannepa RM(r,m).

HokazaTeabCTBO.  PaccMOTpUM — NpPOM3BOJBHBIE BEKTOpPHl [ ® g, TIe
feRM(m—r—1,m), g € RM(r,m). Ilo onpeaenenuio kogos Puga—Masiepa, crenenu
MHOTOWICHOB f(Z1,..., Tp) ¥ g(T1, ..., Tyy) HE TPEBOCXOAST M — 7 — 1 ¥ 7' COOTBETCTBEH-
Ho. CyenoBarennHo, creniedb MuorousieHa f(xy, ..., Ty) - g(x1, ..., ) HE TPEBOCXOAUT
m — 1 u oTBevAOIIHii TOMY MHOTOUJIEHY BEKTOP HpuHaiexkut koxy RM(m—1,m). ITo-
CKOJIBKY B Kojie RM (m—1,m) Bce BepIIMHBI UMEIOT Y€THBII BEC, TO €CTh CKATISPHOE MPO-
u3BeeHIe BEKTOPOB f U ¢ PaBHO HyJI0, TO nojaydaem RM(m —r —1,m) C RM(r,m)*.
O6o3uaunm vepe3 dim(C') pasmepuocts kojga C. CrupasejinBo

dim(RM(m —r —1,m)) + dim(RM(r,m)) = 2™,

OTKY/Ia CJIeJyeT, 4TO

RM(m —r —1,m) = RM(r,m)*,

9TO JOKa3bIBaeT TEOPeMy. A

Koasr ¢ mapamerpavmn kogoB Puma—Masiepa

Boikostorsiii ko Puga—Masiepa RM™(r, m) noydaercst yaaaeHueM KakoR-Tu00 KOOp-
JIMHATHL U UMEET IIapaMeTphI
_ m m
(n=2m—1,M =2t d=2m 7"—1),mek:1+< ) )+---+< )
r

[TokazkeM, Kak, UCIOJIb3Ysl CBUTYMHIOBBIE ¥ KACKA/IHbIE KOHCTPYKIIUU, MOXKHO CTPOUTH
MOIIHBIE KJIACCHI KOJOB € apaMeTpaMu KoxoB Pumga—MaJsiiepa i BBIKOJOTBIX KOI0B Puma—
Masiepa. JIBoudnbie KOjibl (He 00sI3aTeIbHO JTUHEHHBIE) ¢ TTapaMeTPaME BBIKOJIOTOTO KOJIA
Pusa—MaJuiepa nopsijka r 6ygem obosuadars LRM™(r,m) u HasbiBaTh GbIKOAOMBLMU
kodamu Puda—Mannepa. JTuneiinwiit kox RM™(r,m) sBisieTCsT 9aCcTHBIM CJIydaeM KOJIOB

LRM*(r,m).

CHauasa paccMOTPUM NpUMeHeHre KOHCTpYKImn Bacuibesa n3 reopemb 13. ITocpe-
CTBOM 9TOT'0 METOJIA IIOCTPOEHHS KOOB MOXKHO HOJIYIHTh MHOTO HEJTHHEHBIX BBIKOJIOTHIX
ko108 Puma—Masiepa LRM™(r, m)) mopsinka r.

[Tycrs LRM*(r,m — 1) u LRM*(r — 1,m — 1) — npou3BoJbHbIE BBIKOJOTHIE KOJIbI
Puja—Mausiiepa nopsikos 7 u r — 1 coorsercTBeHHO bl 1 = 2"~ — 1. CupaseiinBo
CJIejlytolee yTBepIK/IeHNe:
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Teopema 62 (ITynaros A. K., 1974).  Mnoowcecmso eexmopos
{(z,]z| + My),z+y) |z € LRM*(r,m—1),y € LRM*(r—1,m—1)},

2de X — npouseoavnas Pynkyua us xoda LRM*(r — 1,m — 1) & mmoorcecmeo {0, 1},
ABAACNCA KOOOM C NAPAMEMPAMU B8biK0A0MO020 Koda Puda—Mannrepa nopsadka r daurot
n=2"—1, m. e. LRM*(r,m)-xodom.

JlokazaTesbCTBO TeOpeMbl AHAJOTNYHO JI0KA3aTeJIbCTBY TeopeMbl 13.

3amedyaHme. DTOT KJIACC KOIOB OKA3AJICST XOPOIITUM TIPEICTABATEIeM JIJTsl Pean3aluii
m-cxemamu. A. K. ITyraroBsim Obl1a oIy 4eHa KBaIPATHIHAS HUYKHSISI OTIEHKA, CJIOZKHOCTH
T-CXeM, peaJM3yIONNuX KOJIbI ¢ MapaMeTpaMH BBIKOJOTHIX KOM0B Puaa—Masrepa.

Wcnonb3ys TeopeMmy 62, MOYKHO TOKa3aTh, YTO CYNIECTBYIOT HETPpUBUHATLHBIE pa3bdue-
HIS BBHIKOJIOTHIX KO0B Puma—Masnepa LRM*(r,m — 1) nopsaaxa r aamaer n = 2™ —1
Ha BBIKOJIOTHIe Kojbl Puaa-Masaepa nopsaka r — 1 gamasl no = 2m~1 — 1:

: m)
LRM*(r,m — 1) :UL’RM:(r—l,m—l), metzZ( "

i=1
(oKa3aTeBCTBO 9TOr0 haKkTa AHAJIOIMYHO JOKA3ATEbCTBY TeopeMbl 21).

Teopema 63 (CosioBbeBa @. ., 1981). Ilycmo danve npoudeosvhvie pasbuerus
evk0a0muix k0dos Puda—Madnnepa nopsadka r:

t
LRM;(r,m —1) = | JLRM; ,(r —1,m — 1),
=1

t
LRM(r,m —1) = | JLRM; (r —1,m — 1),
=1

m

T )
2det = 2( . Mlyemv m — npoussoavhas nodecmanoska Ha t anemermaz. Tozda mro-
AHCECNBO

{(xvya ’y‘) ‘T e ERM?Z(T - 17m - 1)7y € ‘CRM;,N(z)(r - 1>m - 1)7Z = 17 R t}

aeasemes LRM(r, m)-xodom.

JlokazaTeTbCTBO TeOpeMbl AaHAJTOTHIHO JTOKA3aTEThCTBY TeOpeMbl 22.

3ameuanue. Jlerko BuHAETH, UTO TpUMEHEHHE TMPOBEPKH Ha YETHOCTh K
LRM*(r, m)-kKogam 103BOIAET NOJYIUTh MUPOKHUE KJIACCHI HEIKBUBAJTECHTHBIX HEJINHET-
HBIX KOJIOB ¢ mapameTpamMn KoaoB Puma—Masiepa mopsiaka r aanasl n > 16. Cpean 31ux
KOJIOB MOTYT OKa3aTbhCd KOJIbI C MTOJIE3HBIMU CBOWCTBAMHU, HAIPUMED C TPDAH3UTUBHOU I'DYII-
1ofi aBTOMOPGhU3MOB (KOJI HA3BIBACTCS MPAH3UMUGHbLM, €CJIH er0 TPYIIa aBTOMOPdOU3-
MOB JIeiiCTBYeT TPAH3UTHBHO HA BCEX €r0 KOJOBBIX CJIOBAX), & TAKYKE KOJbI, SBJISIONINECS
Zy-suneiinpivu (JUHEHHBIME HaJl KOJIbIOM Zy). [locienanue Moryr HaiiTu npumeHeHue B
kpunrorpaduu, HAIIpuUMep, B KpunrocucreMax MakD/mca ¢ OTKPBITHIMEA KJIFOYAMHU.
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9.3 Koganl IIpenapatsl

Ounpepenenne. /Iouunntii ko aymub n = 4™ momuocru 2"/ n?, riae m > 2 ¢ KOJAOBbIM
paccrostanem d = 6 HazweiBaercs: kodom [Ipenapamot.

[Tepsoiit Takoit Ko (1151 KazK10it gomycTumMoit Jymab) nocrpomn Ppanko [penapara
B 1968 .

B 1971-1973 rr. H. B. Cemaxkos, B. A. 3unosbes u I'. B. 3aiines ucciemnoBaan cBoii-
CTBa KOJIOB C TapaMeTpaMu KoJoB lIpemapaThl u ¢BgI3b UX C JBOMYHBIME COBEPIIEHHBIME
KOJIaMU, UCIPABJISIONUMHU OHY omuOKy. Vimu Ob110 HoKa3aHno, 4To kojibl [Ipenaparst, 1mo-
MHMO MAaKCUMaJIbHOCTHU, 00J1a/1al0T HEKOTOPBIMY BeChbMa HETPUBUAJIBHBIMU CBOUCTBAMU, &
UMEHHO 3TU KOJbI PAGHOMEPHO YNAK0SaHb, N QUCTAHUUOHHO UHEaApUuaHMHbL. Kpome Toro,
OBLIO TIOKa3aHo, 4To Jito6oit Ko [Ipenaparsl saB/sgeTcs MOTKOIOM HEKOTOPOTO pacIIupeH-
HOTO COBEPIIEHHOTO KOJA TOM JKe JTUHBI ¢ paccTosiaueM 4 (IpuyueM eJMHCTBEHHOTO) U B
HEKOTOPOM CMbICJIE IJIOTHO YIIAKOBAH B HEM.

B 1972 r. 4. M. T'eranc u C. JI. CHOBep moka3aju, 4To JUHEHHBIX Koa0B IIpemapaTn
He cymectByeT. B 1976 r. 1. /Iymep u mozanee, B 1983 r. P. /1. Bakep, 4. X. Ban JIuat n
P. M. BuJjicon nocrpoun/in cemeiictBo ko108 [Ipenaparsl, cojepzkaliee OpuruHaIbHbIN KO/
[Ipemaparsr. B 1994 r. A. P. Xsmwmonc, I1. B. Kymap, A. P. Kanpaepbank, H. JIxx. A. Cio-
5H u I1. CoJste mpeIozKuIin KOHCTPYKIIUIO ePBOro aIITATHBHOTO (KBATEPHAPHOIO) KOJIA
[Ipemmapatsl, T. €. KoJa, mapamMeTpbl 00pa3a KOTOPOIo o1 JeiicTBHEeM HEKOTOPOro mpeodbpa-
30BaHus (0TOOpazkeHusi ['pest) COBIAJAIOT ¢ ApaMeTpaMi JBOMYHOTO Koja IIpenapars.

Koncrpykiua /Iymepa-Bakepa
CooTBercTBHEC MeXK Ay MHO2KeCTBaMM U BEKTOpaMu

[Iycte m — mnewernoe nesoe uucyao, m > 3 un = 2™ — 1. [lycth o« — NPUMUTUBHBIIM
ssement mosist GF(2™). Mveem

GF(2™) ={0,1,a,0? ..., a" '}

PaccmorpuM MHOXKECTBO
I={-00,0,1,2, ..., n—1},

cocrosiiee u3 JorapudMoB JT€MEHTOB M0JIs 110 OCHOBAHUIO (v (HojiaraeM, KaK ¥ PaHbIIe
B /1. 6, 90 o~ = 0). T[IponsBoapbHOMY MOAMHOKECTBY X MHOMKECTBA JEMEHTOB MOJIsT
GF(2™) B3aMHO OJTHO3HAYHO COMOCTABUM JBOMYHBIII BEKTOD ¢ JJIUHBL 12+ 1, KOOpAUHATHI
KOTOPOT'0 3aHYMEPOBAHBI ¢ MOMOIIBI0 MHOXKecTBa, [:

X e—c= (6—007007017027 EIRICI) cn—l) (91)

0 TIPABUITY
o' e X < ¢ =1.

JIpyruMu cJioBaMH, BEKTOD € SIBIACTCS TAPAKMEPUCTNUNCCKUM 6EKIMOPOM MHOZKeCTBA X :
€ro HeHy/IeBbIe MO3MINU YKA3BIBAIOT SJEMEHTHI MOJIs, BKII0YaeMble B MHOKecTBO X. Ha-
npuMep, IMyCTOMY MHOXKeCTBY () oTBedaeT HyneBoil BekTop. Beegem nHekoropbie 0603Have-
aust s muoxkects X, Y € GF(2™):
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— Kak 00bruHO uepe3 | X | obo3HauaeTcst MOIMHOCTH MHOKECTBA X ;

— XAY — cuMmMerpuyeckas pa3sHOCTb MHOKeCTB X Hu Y. 3aMeTHM, 4TO 9Ta OIlepalys
Ha MHOYKECTBAX OTBEYAET JIBOMYHOMY CJIOXKEHUIO COOTBETCTBYONINX XaPAKTEPUCTHIECKAX
BEKTOPOB;

— X + a — capur muoxkecrsa X Ha vjemenrt noad a, . e. X +a={r+a|r e X}

— aX — ymuoxenune X Ha HeHyJIeBOil sj1emeHT n0ud a, 1. e. aX = {ax |z € X}.

Ucnonb3ys coorsercrBue (9.1), NpPOM3BOJIBHBIA  JBOUYHBIA BEKTOD  JJIHHBI
2(n + 1) = 2™ pmoxno omucars mapoit (X,Y), rae X, Y — moaMHozKecTBa MHOZKeCTBa
snemenTos nong GF(2™). Jlanee Mbl He GyneM JIeJaTh pasinausg MKy apaMud MHO-
xecers (X,Y) u apomunpiMu BekTOpaMu Jyuabl 2™ U3 koHTexcTa gaiee GyaeT dCHO,
pedb uaeT 0 MHOXKEeCTBAaX WJIM O BEKTOPAX.

IToctpoenne komoB Ilpenaparst

[pynna aromopduszmon noas GF(2™) cocront u3 Becex orodpazkeHuii Bujia
x—

rie o =2 k=0,1,..., m — 1. PaccMOTpIM 13 HEX TaKme, 9T0 OTOOPAZKEHH

T _>$U—1’

T — xa+1
B3aMHO OJJHO3HAYHDBI. ﬂpyI‘I/IMI/I CJI0BaMH, OJI4d 9STOI'O BBI6epeM TaKHe 0, YTO BBIIIOJTHAIOTCA
yCJIOBUA

Il
—_

(0—1,2"—1)

(c+1,2™—1) | (9.2)

Cuntaem pasee, aro o = 2F yrnosmersopser ycaosuam (9.2).

Teopema 64. Kod P(c) daunw, 2™, cocmoawudi us 6cex deounnmx 6exmopos, onu-
cusaemvir napamu (X,Y), ydosiemsoparouumu ycio8uam:

1) | X| — wemno, |Y| — wemmno;
2 D w=) v
zeX yey (9.3)
o+1
y s () —xa
zeX rzeX yey

asaaemcs kodom llpenapamot.

JI71st moKa3aTebeTBa STOi TEOPEMBI TOTPEGYETCST BBECTH HEKOTOPBIE TOTIOJTHATETHHBIE
oupe/ieJieHust 1 u3yuuTh cBoiicrBa ko008 P (o). Cravasa upusejem cjeayronme mpocTbie
cBoiicTa nosst GF(2™).
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Jlemma 11. Jlaa mobvix ssremenmos a,b noas GEF(2™) u 06020 ¢ = 2% umeem

Mecmo mostcdecmaeo
(a+b)" =a +a%b+ab” + b7

Hoxka3zareabcTBo. Corsacuo reopeme 35 (cMm. paszz. 6.2), umeem
(a+0b)° =a +10°.

Torpa, npeodpasosas (a + b))’ x Buny (a + b)?(a + b), HOJIyUUM HCKOMOE TOXKIECTBO. A

HecnoxxH0 n0Ka3bIBaETCA

Jlemma 12. Jlaa mo6ozo0 mnoscecmea X u3 nocumens nosa GF(2™) u moboeo o = 2F

BHIMONHACTCA i
E T = E z°.

zeX zeX

HamomuuMm, 9TO JABOMYHBIN KOJ HA3BIBACTCA QUCTMAHUUOHHO-UHGAPUGHTTIHYLM, €CJIA
YUCJIO KOJTOBBIX CJIOB, HAXOSIIUXCS HA HEKOTOPOM PACCTOAHUU [ OT (pUKCHUPOBAHHOI KO-
JIOBO#I BEPIIUHBI, HE 3aBUCUT OT BbIOOPA ITON BEPIIMHbBI, & 3aBUCUT TOJIHKO OT [.

Vreepxkaenue 16. Kod P(o) ducmanyuorno-uneapuarmen.

JokazaTenbcTBo. Ilo mocrpoenuio kox P(o) comepxut sektop (0,0). Ilycrs
(Xo,Yy) — upoussosbnbiii Bekrop u3 P(o). lus pokasareabcrBa yTBEPAK/JICHUs J10CTA-
TOYHO MOCTPOUTH B3aUMHO OJHO3HATHOE COOTBETCTBHE MEYKJY MHOYKECTBAMHU KOJIOBBIX
BEKTOPOB, Haxoaammxca Ha paccrosanu | or sepmun (), () n (Xo,Yy) coorBercrenno,
rae | — HeKoTopoe (PHKCHPOBAHHOE PACCTOSHUE.

Baga M cieayiomnee B3auMHO OJHO3HATHOE OTODParKeHHe:
f(X)Y)— (UV),
11O ITPaBUJIY

U=XAXo+a, rne a = Z x;
z€Xo

V =Y AY,.

Bamernm, uro paccrosume ot (X,Y) no (Xo, Yy) pasno secy Bexropa (XA Xy, YAY))
u pasno paccrosuuio ot (U, V) no (0, 0). TTokaxkem, uro ecam (X,Y') npunaie:kut Koy,
to u BekTop (U, V') eMy npunaie:kut. B cuiy B3auMHO# 0lHO3HAYHOCTH 0TOOpazkeHus f,
9TOTO OYJET JOCTATOYHO IS JIOKA3ATebCTBA JUCTAHIIMOHHOI nHBapuanTHoctn P(o).

[Tycrs (X,Y) — komossriii BekTop. [Iposepum, uro Bekrop (U, V) Takke KOJOBBII, T. €.
JIJTsT HETO BHITIOJIHSIOTCS yeaonust (9.3):

1) X, | Xol, [Y], |Yo| — wernwr, cienosarensuo, | X AXg + a| n |YAYy| wernsr;

Se=Yy

zeU yev

2)  J0KayKeM PaBEHCTBO
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JleficTBuTE/ IHO, TMEEM

Zx: Z (x+a)= Z | +aXAXy| =

xelU reXAXo xeXANAXo
DR REDIEEDNEDIED
rzeXAXg rzeX z€Xo yey YyE€Yo yeVv

3)  IpOBEPHM BBHITIOJHEHHE PABEHCTBA

o+1
Zanrl_'_ Zx :Zyaﬂ_

zeU zeU yeVv

+

[Ipeobpasys mepsoe ciaraemoe, ¢ yaeTom JeMMbl 11, nmeem

D am= Y (wra)t=

zelU reXNXo
= E (27 4 2% +xa” +a”) = E 27t 4 E 27 | a+ g r)a® =
reXNXyp zeXNXo zeXNAXp reXNAXp
— E QZ’U—H + E :EU-l-l + § :L,O' a_|_aa+1 + 2 T a,a_+_aa+1‘
xeX reXp reX reX

Ncnonb3ys jaevmmy 12, nojiydaem

o

Zx"“:Zx"“—l—Zx”“+ Zx a+ Z:L‘ a’.

zeU zeX z€Xo rzeX rzeX

JIist BTOpOrO cjaraemMoro, ucnoJib3ys jemmy 11, umeem

o+1 o+1 o+1 o+1

Zx = Z (x+a) Z x = Z:U—ira =

zelU e XA X rzeXAXg rzeX
o+1 o
= E x + E x| a+ E z ) a®+a"
zeX zeX reX
Torna
o+1 o+1 o+1
§ ::L,O'+1+ § :ZL’ :E I.O'+1+ § :ZL’ + E ZL‘O+1+ § :iL‘ —
zelU zelU rzeX zeX z€Xo z€Xo
_ o+1 o+1 __ o+1
= E Yy + § Yy = E y o
yeyY y€Yo yeVv

Taxum 06pa3oM, AMCTAHIIMOHHAS WHBAPUAHTHOCTH Koja P(0) nokazana. A
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VYreepxkaeuue 17. I'pynna asmomopdusmos xoda P(c) codepotcum omobpasricenus:
X +a,Y +a) dasn arwbozo a € GF(2™);

Y) —(

Y) — (Y, X);

Y)— (aX aY’) dasn mobozo nenynesoeo a € GF(2™); (9.4)
Y) = (

1. (X,
2. (X,
3. (X,
4. (X, o(X),o(Y)) daa aobozo p € Aut GF(2™).

Jloka3aTeabCTBO 110/1y4aeTCsl HElOCPEJCTBEHHOM 1IPOBEPKOil BbIIIOJHEHUS YCJIOBUIA
(9.3) st 06pazos kogoBOro Bekropa (X,Y') mox meficrBuem orobpazkenuii 1-4. A

Vreepxkaenue 18. Kod P(o) umeem kodosoe paccmosrue 6.

okazarenbcTBo. IlockoabKy Ko P(0) COfep:KUT HyJIeBYH BEPIIHMHY U B CHIY
yTBepKAeHnd 16 TUCTaHIMOHHO MHBAPUAHTEH, TJOCTATOYHO MOKA3aTh, YTO MUHUMAJIbHBII
HEHYJIEBOII BeC ero KOJIOBBIX CJIOB PaBeH 6.

Bamernm, 9To Bee KozoBbie BekToph (X, Y), B cuity 1. 1 yeaoBust (9.3), uMeror 4eTHbIIT
Bec. 13 myukToB 1 u 2 yenoBus (9.3) cienyer, 9ro B Kojie HET ¢JI0B Beca 2. [lokazkem, 9410
B Kojie P(0) Her ciioB u Beca 4. Ilpeanosnokum o0paTHoe. Bo3MOKHBI JBa CJIydast:

Cayuati 1. Bekrop ({a,b}, {c,d}) — xomossiii, riie a # b u ¢ # d.

N3 yrBepxkaenus 17 caeayer, 9T1o 0e3 orpaHudeHusi OOIIHOCTH B Ka4eCcTBE G MOYKHO
B3aTh 0. /leiicTBuTEIbHO, PACCMOTPUM KOJIOBOE CJIOBO Beca 4, MOJIyIeHHOe U3 BRIOPAHHOTO
neiicreuem aromopdusma (X,Y) — (X —a,Y — a). ITo n. 3 ycaosus (9.3) umeem

(Ocr—l-l + bo—H) 4 (0 4 b)0'+1 =0 = Ca—i—l + d0+1.

o+1

Torma ¢! = d°*L. [lockonbky o ymosnersopser yciaosuaMm (9.2), orobpazkeHue

T — ZL‘J+1

B3aMMHO OJIHO3HAYHO, U, CJIEJ0BATE/ILHO, ¢ = d, 9TO HPOTUBOPEYUT BLIOOPY C u d.
Cayuati 2. Bexrop ({a,b,c,d}, D) — xomoBwlii, T1e Bee s1eMenThl a,b, ¢, d pa3anaHbl.
B cuny yrBepxkaenus 17, cauraem a = 0. U3 nn. 2 u 3 yeaosusa (9.3) umeem

b+c+d=0,
ba+1 +C¢7+1 +d0+1 — 0

Torma, BeIpazkasd U3 MEPBOrO PaBeHCTBa d U IOJICTABJISAS BO BTOPOE, C yI€TOM JieMMbI 11
TMOJIydaeM

R (b+ c)‘erl =0c+ b’ = bc(b"_1 + c"_l) =0.

B cumy yemosus (9.2), orobpazkenue

T — xa—l

B3aUMHO OJIHO3HAYHO, Mo3TOMY b = c. [IpoTuBopetune ¢ BoibGopoMm b, c.

[Tokazkem Tenepb, uro koa P(o) conepxutr ci1oBo Beca 6. Paccmorpum nomapuo pas-
JIMYHBIE 3JIEMEHTHI @, b, ¢ ot GF(2™). Oupegennum d u € U3 CUCTEMbl ypaBHEHUI
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a0'+1 +b0’+1+ca'+1 — d0+1,
{ a+b+c+d=e.

Hecnoxno y6eautnest, uro Bekrop ({0, e}, {a, b, c,d}) ynosaersopsier ycaosusm (9.3) u,
CJIeJIOBATENIBHO, ABJISIETCA KOJOBBIM. A

Vreepxkaerue 19. Mowpocmo koda P(o) daunoe N = 2™ pasna 2V /N2,

Hoxka3zarenabcrBo. Oupeenum auciao nap (X, Y), yarosiaersopsomux ycaosusim (9.3).

Boibepem MHOMKeCTBO X Tak, 4T00BI MOIIHOCT | X | Gblaa 4eTHOM. DTO MOXKHO CJeaaTh
22" =1 chnocobamu. BeiGepeM MHOKecTBO Y W3 HEHYJIEBLIX 3JI€MEHTOB HOJS TaK, 4TOOBI
BBITIOJTHAINCD T 2 1 3 yeaoBus (9.3). 3arem, ecaim HEOGXOAUMO, TOOABEM B MHOXKECTBO
Y suement 0, 40661 MOmuOCTH |Y| Gbli1a 9eTHOI.

ITycrs X = (). Torpa ais Y BBIIOJIHSETCH CHCTEMa PABEHCTH

> y=0,

yey

>y =0,

yey

(9.5)

cM. . 2 u 3 B yeaosun (9.3). D1y cucremy Hag GF(2™) MOXKHO pacCMaTpUBaTh Kak
cucremy u3 2m ypasHenuil HaJ noiem GF(2), 3ameHuB Kaxkpiii smement nosst GF(2™)
Ha BeKTOp-cTosiber bl m Hag GF(2).

[Tycrh o — npumurusHbiil 3jement 1ot GF(2™). TlockobKy 0 yI0BIeTBOPSIeT yCJI0-
susim (9.2), ssement a1 umeer nopsyiok 2™ — 1 u, ciei0BaTe/IbHO, TaAK¥Ke sBIATCS PH-
MHETHBHBIM 371eMenToM mosig GF(2™). Munnmanbnbie Muorownens: MM (z), M+ (),
corytacHO cBoiicTBaMm 1 u 6 u3 pas3m. 7.6, HeMPUBOAMMBI U IMEIOT cTenenb m. Toraa MHOXKe-
crBo Y, yaosierBopsioniee cucreme (9.5), cCOOTBETCTBYeT KOJOBOMY CJIOBY HUKJIHYECKOIO
Ko amHbl 1 = 2™ — 1 ¢ nopoxpaomum muorodsenom MW (x) - M (z). Momuocrs
TAKOTO MIKJIMIECKOTO KOda paBHa 2" 2™,

BriGepem apyroe mmuoxkectBo X 4eTHOH MoOMmHOCTH. Torma BCEBO3MOXKHBIM MHOZKE-
crBaM Y TakuM, 4TOOBI BBIIOJHSIACH yeaoBus (9.3), GYAYT COOTBETCTBOBATH BEKTOPHI
HEKOTOPOI'0 CMEYKHOTO KJIacca IMUKJINYECKOTO KoJla JJIUHBI 1 = 2™ — 1 ¢ mopoxK1aionimm
muoroaaenom MW (x) - M@+ (x). Buaunr, mus GukcupoBannoro MuoxkecTsa X HHCIO
c110c060B BBIOOpA HOJIXO/ISIEro MHOXKecTBa Y pasHo 227 —172m,

Taxkum o6pazoM, qucsio pasananeix map (X, Y), yaosaersopsiomux yeaosusM (9.3); a
3HAUMT, NpuHaIexRamux koay P(o), paBao

92" -1 . 92" —1-2m _ 92MH=2(m+1) _ QN/NQ.

— —_—
BRIOOD X  BBIOOD Y IS X

VTBepxKieHune g0Ka3aHoO. A

N3 yrBepxkaennit 18 u 19 neMesmeHHo BeITeKaeT Teopema 64.

B smureparype kogom [Ipenaparsl nHOra Ha3bIBAIOT MAaKCUMAJIbHBIN JIBOMYHBIT KO/
JUTHHBL 1. — 1 ¢ KOJOBBIM paccrossaueM 5. OUeBHIHO, 9TO KarxKAbIil TaKO KO/ MOy IaeTCst
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BBIKAJIBIBAHUEM OJHOI KOOpPAWHATH HEKOTOporo Koxa IIpenmaparsl. 3amernm, 9To onepa-
IisT PACIIHPEHHNs KO/a ¢ IMOMOIILI0 J100aBIeHNs MPOBEPKH Ha UY€THOCTD, BOOOIIE rOBOPSI,
He ABJIIeTCS B3aUMHO OOpaTHOIl /171 omepalnun BhIKabiBaHus. OIHAKO MOXKHO ITOKa3aTh,
4TO B CJydae COBEPIIEHHBIX KOJOB U KOAOB IIpemaparbl 31u onmepamun BCerga B3auMHO
obpaTHBI.



SaKJIIOUYeHUEe

BesycioBHO, ipeicTaB/IeHHBINT BHUMAHWIO YUTATEIST MaTepruajl He TPeTeH/IyeT Ha MO
HOTY OCBeIlleHHd BCeX o0JacTeil TeOpUH KOJIOB, KOPPEKTUPYIONUX OIIMOKU B KaHAJIaX
CcBA3M ¢ myMaMu. lleb HACTOANIUX JIEKNHUi — TMO3HAKOMHTL YUTATEId C MaTeMaThde-
CKUMU OCHOBAMH COBPEMEHHOW TEOPHH KOJUPOBAHUS, OJTOTOBUTH €0 K YTEHUIO CIIEIH-
AJIBHOM JIMTEPATYPHI 110 TEOPUU KOJIMPOBAHNS, & TAKYKEe TAKUX CMEXKHBIX JIUCIUTINH, KAK
kpurnrorpadus u ckaTue JaHHBIX. /{1 MOHMMaHWsT N3/I05KEHHOTO MaTePUaJIa, JOCTATOTHO
3HAHUI JUHEHHOI aaredpbl, OCHOB TEOPHH YHCE], KOMOMHATOPUKH M TEOPUH BEPOSTHO-
creit. Bupodem, Bce HeOOXOUMBIE /I IOHUMAaHUSA OCHOBHOI'O MaTepHaJ/ia OIpeeeHus i
YTBEpKIeHNs TpUBeIeHbl B TekcTe. [[pakTuueckn Bce IIaBhl B pa3Iesabl COMPOBOK IATOTCS
YIPasKHEHUSIMU, PEIeHNe KOTOPBIX MO3BOIUT YUTATEIO TIyOyKe MOHATH TEOPHIO.

[Tocobue npeHasHaveHO JIJIsE CTYJIEHTOB MaTeMaTHuIeCKuX (hakyJIbTeToB u (haKyIbTe-
TOB MH(MOPMAINMOHHBIX TEXHOJIOTUIl YHUBEPCUTETOB, & TaKKe MOKeT ObITb IT0JIE3HO CTY-
JneHTaM pu3ndeckux (pakyJIbTeTOB, HHTEPECYIONUMCI MaTeMAaTHIeCKUMHA OCHOBAMU ITPO-
OJ1eM Tepeaun JaHHBIX 110 KaHAJIAM CBSI3U C MTOMEXaMH.

Citejtyer OTMeTHTH, 9TO BHIOOP MaTepuasia, IMpejCTaBJIeHHOI0 B HACTOSIIEM 10CoOuu,
O0TBEYAET B HEKOTOPOM CMBIC/IE BKycaM aBTopa. B gacTHOCTH, OOJIBIITE BHUMAHUS YEJTeHO
Pa3JMYIHBIM MeTOJIaM IIOCTPOEHUS U3BECTHBIX KOJIOB, HEXKEeJIU IIPOIe ypaM JIeKOIupOoBa-
Husi. ABTOp €O BCeii OTBETCTBEHHOCTHIO OCO3HAET 9TO U B JATbHEHIINX IePen3IaHIAX JaH-
HOTO TI0COOHS BO3MOXKHO BOCIIOJIHEHHE STHUX IpobeaoB. Kpome Toro, cienyer oTMeTHTD,
9TO UMEIOTCSl TaKKe JPYIrue KJIACCHYeCKHe WHTEPECHbIE U KPACUBbIE TEMbl 110 TEOPUU
KOJMPOBAHMUsI, He 3aTPOHYTHIE B 1MOCOOWM, TakWe Kak mnpeobpasoBanme Agamapa, Teope-
Mbl Mak-Buibsamc, Teopus paBHOBECHBIX KOJIOB, IJIYOOKHE CBSI3M TEOPHHU KOIUPOBAHUS C
Teopueil 6JI0K-cxeM, Teopueil rpyii, Teopueii rpagoB, a Tak»Ke He PACCMOTPEHbI CXEMbI
OTHOIIIEHU, CBEPTOYHBIE KOJIBI U JIP.

Nziioxkennpiit Mmarepuas onpoOMpoOBaH 1IPU YTE€HUHU JIEKIUH B Tedyenue psjia Jjier B Ho-
BOCHOMPCKOM TOCYaPCTBEHHOM yHUBepcuTeTe. ABTOD BBIPAyKaeT MPU3HATETbHOCTD CTY-
JIEHTaM, KOTOPhIEe TTOMOTA/IN MLTH(OBATE B INCKYCCUSIX MTPE3EHTAIIMA MHOTHX TeM, TEOPEM,
JIeMM, a Takxke cBouM JeraM VBany Moruababix 1 Mapun Cosi0BbeBO# 33 MMOCTOAHHYTO
MOPAJIbHYIO TOJJIEP:KKY B IIEPHOJ HAMUCAHUS STOr0 MOCOOMS W IMOMOIIL B HAalEYATAHUH
jgeknmit. [iybokas OGsarogapHocrs moum Kojuteram Basienruny AdanacbeBy, AJjiekcero
[Tepexoruny, Baagumupy IToranosy, /lenucy KporoBy 3a TiaresibHOe dTeHUE TOCOOMS
U TOJIe3HBIE 3aMevaHusl, MO3BOJINUBINNE YIYUIINTh TEKCT; MouM pernen3entam B. B. 3s0-
qosy, C. A. Masoruny, FO. JI. Caranosuuy; moemy ObiBiiemy yuenuky Aurtony Jlocio 3a
IIOMOTIIh B HalleYaTaHUU TEKCTa, COIMPOBOXKJICHHE TEKCTAa KaUeCTBEHHBIMU PHCYHKAMH, 33,
aKKypaTHOe CUNTHIBAHHE IV1aB, OpUTrHHAIBHYI0 0010:kKy; H. H. TokapeBoii, oka3apiiei
BCECTOPOHHIOI TEXHUYECKYIO TIOMOIIb MPHU MOJTOTOBKE HACTOSIIErO Moco0ust — B (hopMu-
poBaHum OyK/IeTa, MeYaTaHUU TEKCTa, MOJATOTOBKE PUCYHKOB, OCHOBATE/JHLHOW W TBOPUEe-
CKOIf CUYUTKE TEKCTa, B HalucaHuu pas/. 9.3, nocssaiennoro kojgaMm Ilpemaparsr; O. I'. 3a-
Bap3UHOIl 3a U3rOTOBJIEHUE TIEPBOI0 OPUTHHAI-MaKeTa.
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